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STEVEN DEPREZ 

Abstract. In this paper we give a number of explicit constructions for Hi factors and 
Hi equivalence relations that have prescribed fundamental group and outer automorphism 
group. We construct factors and relations that have uncountable fundamental group different 
from R+. In fact, given any Hi equivalence relation, we construct a Hi factor with the same 
fundamental group. 

Given any locally compact unimodular second countable group G, our construction gives 
a Hi equivalence relation 1Z whose outer automorphism group is G. The same construction 
does not give a Hi factor with G as outer automorphism group, but when G is a compact 
group or if G = SLjlR = {g G GL n R | det(p) = ±1}, then we still find a type Hi factor 
whose outer automorphism group is G. 
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Introduction 

Type Hi factors can be constructed in many different ways. For example as group von Neu- 
mann algebras or using the group-measure space construction. Two von Neumann algebras 
that are constructed in different ways can nevertheless be isomorphic. For example, all the 
group von Neumann algebras of ICC amenable groups are isomorphic [CI]. So a number of 
invariants for type Hi factors were introduced. Probably the two most natural among them 
are the fundamental group and the outer automorphism group. Unfortunately, both are very 
hard to compute. For type Hi equivalence relations, there are similar notions of fundamental 
group and outer automorphism group. 

Our knowledge about fundamental groups and outer automorphism groups of type Hi factors 
and equivalence relations advanced a lot in recent years. The recent development of Popa's 
deformation/rigidity theory allows us to study questions like "which groups appear as the 
fundamental group (or outer automorphism group) of a Hi factor (or equivalence relation)." 
When we study this question, we will only be interested in separable Hi factors, i.e. Hi factors 
that are represented on a separable Hilbert space. 

In this article I introduce a general method to create explicit examples of type Hi factors and 
equivalence relations with prescribed fundamental group or prescribed outer automorphism 
group. This general method provides explicit examples in cases where we only knew pure 
existence results. For example, I give explicit examples of type Hi factors with uncountable 
fundamental group different from K_. Existence of such factors was already proven in [PV2, 
PV5]. Moreover, I give an explicit construction for type Hi factors with prescribed second 
countable compact outer automorphism group. 

But I also give essentially new examples. I show that every second countable unimodular 
locally compact group is the outer automorphism group of a Hi equivalence relation. This 
result does not extend immediately to Hi factors, but I show that the groups SL^IR = {g € 
GL„IR | det(g) = ±1} are outer automorphism groups of type Hi factors. Using a different 
style of example, I show that every subgroup of IR+ that appears as the fundamental group 
of a type Hi equivalence relation also appears as the fundamental group of a Hi factor. 

The fundamental group was introduced by Murray and von Neumann in [MvN]. The fun- 
damental group of a type Hi factor is not related to the fundamental group of a topological 
space. Instead it is a group T{M) C M*, of positive real numbers. Murray and von Neumann 
could compute the fundamental group in only one case. They showed that the fundamental 
group of the hyperfinite type Hi factor R is itself. They raised the question: "What 
subgroups T C appear as the fundamental group of a separable type Hi factor?" 

The outer automorphism group Out(M) is the quotient group of all automorphisms of M by 
the group of inner automorphisms, i.e. by the group Inn(M) = {Ad u \ u € U(M)}. Blattner 
shows that the group of outer automorphisms of R is huge: it contains an automorphic copy 
of any second countable locally compact group [B]. I study the question: "which groups 
appear as the outer automorphism group of a separable type Hi factor?" 
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Similar notions of fundamental group and outer automorphism group are defined for type Hi 
equivalence relations. 

The first significant progress on the questions raised above was realized by Connes in [C2]. 
He showed that the fundamental group and the outer automorphism group of a property (T) 
factor are countable. Examples of property (T) factors are the group von Neumann algebras 
L(r) of property (T) ICC groups T. These were the first examples of Hi factors with small 
fundamental group and outer automorphism group. However, he could only show that the 
invariants are countable, and even today we do not know the fundamental group nor the outer 
automorphism group of any property (T) factor. 

Popa's Deformation/rigidity theory allows, among many other things, to compute outer au- 
tomorphism groups and fundamental groups of type Hi factors and equivalence relations. 
As a first application to this theory, Popa showed that the group von Neumann algebra 
L(SL2ZixZ 2 ) has trivial trivial fundamental group [PI], i.e. it contains only 1. Later he 
showed that any countable subgroup of Ml appears as the fundamental group of some type 
Hi factor. Alternative constructions for the same result were given in [IPP, H]. In [PV2, PV5], 
Popa and Vaes show that a large class of uncountable subgroups of appear as the fun- 
damental group of a type Hi factor and of a Hi equivalence relation. However, they use a 
Baire category result to construct the type Hi factor. In this paper I provide an explicit con- 
struction. This construction has several additional advantages over the original construction. 
These advantages will be detailed later on. 

Moreover, I show that whenever a subgroup of M.+ is the fundamental group of a type Hi 
equivalence relation, then it is also the fundamental group of a type Hi factor, see theorem 
4.1. 

The first actual computation of an outer automorphism group was done by Ioana, Peterson 
and Popa [IPP]- They show that every second countable compact abelian group appears as 
the outer automorphism group of a type Hi factor. Again, their construction uses a Baire 
category argument. Later on Falgieres and Vaes could extend this result and show that every 
(not necessarily abelian) second countable compact group appears as the outer automorphism 
group of a type Hi factor. Here I provide an explicit construction for the latter. 

For type Hi equivalence relations, I even show that every second countable unimodular locally 
compact group appears as the outer automorphism group of a type Hi equivalence relation. 
I have not been able to extend this result to outer automorphism groups of type Hi factors. 
However, it is known that several important subclasses of unimodular groups appear as the 
outer automorphism group of a type Hi factor. Vaes showed in [V2] that all countable discrete 
groups appear. As mentioned before, all compact groups appear too. Moreover, I show that 
all the groups of the form SL^M = {x € GL ra M | det(x) = ±1} with n E N appear as the 
outer automorphism group of a type Hi factor. 
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AN OVERVIEW OF THE CONSTRUCTION 

Essentially all the results mentioned above use the same construction. This construction is 
very similar to the construction from [PV2, PV5]. 

We start with two actions. Firstly, a "general" ergodic infinite measure preserving action 
Arx(Y,v). Secondly, a specific action Tr\(X,fi). For the moment we only assume that this 
action is free, ergodic and probability measure preserving. Suppose we also have a quotient 
morphism tt : T — > A. Then we can define a free infinite measure preserving action T r\ X xY 
by the formula g(x, y) = (gx, Tr(g)y). If we assume that ker tt acts ergodically on X, then this 
new action is also ergodic. 

The orbit equivalence relation 1Z = 7Z(T rxX xY) is a type IIqo equivalence relation, and the 
von Neumann algebra M = L°°(X x 1") x V is a type IIqo factor. Let U C X x Y be a subset 
with finite measure. Then the restricted equivalence relation lZ\u is a type Hi equivalence 
relation and the following short exact sequence describes the outer automorphism group and 
fundamental group of TZ\u in terms of the outer automorphism group of 1Z. 

1 ► Out(K\u) ► Out (ft) F{Jl\u) > 1 

Every orbit equivalence A of T r\ X x Y with itself scales the measure /i x v by a constant 
mod(A). Once we know Out(ft) and the group morphism mod : Out(ft) — > we also know 
the outer automorphism group and the fundamental group oi1Z\u- The same relation holds 
between the outer automorphism group of the IIqo factor M and the outer automorphism 
group and fundamental group of a finite corner pMp. 

Let A £ Aut ns (Y, v) be a non-singular automorphism that commutes with the action of A. 
Then it is clear that id x A is an orbit equivalence oiY rx X xY . Because T acts freely on X, 
such an orbit equivalence can never be inner. We denote by CentrA u t ns (y,i,)(A) the group of 
all non-singular automorphisms of Y that commute with the action of A. So the construction 
above embeds CentrA u t ns (y,^)(A) into Out(ft). 

Under strong conditions on the "specific" action Tr\X, this one-to-one group morphism is 
actually an isomorphism (i.e. it is also onto). In [PV2, PV5], Popa and Vaes give such a set of 
conditions on T r\X. However, they could not give any explicit example of an action T r\ X 
that satisfies their conditions. They used a Baire category argument to show the existence of 
such actions. Theorem A below gives an alternative set of conditions. This time, it is possible 
to give an explicit example of an action T r\X that satisfies the conditions. 

Theorem A (see also theorem 2.1). Let tt : T — > A be a quotient morphism and let Ar\(Y, u) 
be an ergodic infinite measure preserving action. Suppose that the free, ergodic, probability 
measure preserving action T r\(X, fi) satisfies the following conditions. 

• The action ker-7rr> X ish(fi n cocycle superrigid and weakly mixing. See subsection 1.2 
for more details on cocycle superrigidity and weak mixing. 

• There are no non-trivial group morphisms 9 : ker-zr — > A. 

• All the conjugations A ofTrxX with itself are given by the formula A(x) = gx for 
some fixed element g G T. 
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Consider the action T r\ X xY given by g(x,y) = (gx,ir(g)y). Then the outer automorphism 
group of the type IIqo relation ft = 7Z(T rx X x Y) is given by 

Out (71) = Centr Autns(yiy) (A). 

In particular, for every subset U C X X Y with finite measure, we know that 

F{K\u) = mod(Centr Autns(1> )(A)) and OxA{K\u) = Centr Autmp(1> )(A). 

Here we denoted the group of all measure preserving automorphisms ofY by Aut mp (Y, v). 

In fact, there is a relatively easy example of an action T r\X that satisfies the conditions of 
theorem A. We give a short description here, and more details can be found in proposition 
2.3. Consider the action of T = GL n Q x Q n on / = Q n by affine transformations. Define 
V rx(X,fi) = (Xo,/*o)^ to be the generalized Bernoulli action over a purely atomic base space 
(Xq,hq) with unequal weights. Let it : T — > A = Q x be the determinant morphism. Then 
the action Trx(X, fj,) and the quotient ir : V — > A satisfy the conditions of theorem A. 

In particular, for every infinite measure preserving ergodic action Q x rx(Y, v), there is a type 
III equivalence relation ft with 

F{Tl) = mod(Centr Autns(1>) (Q x )) and Out(ft) = Centr Autmp(1>) (Q x ). 

Observe that we do not need the action Q x rx Y to be free. Remark also that Q x is isomorphic 
to {±1} x Z^. So for every countable abelian group Ao there is a quotient morphism 
Q x — > Kq. So we can compose any action of Ao with this quotient and obtain an action of 
Q x . 

In [A, AN], Aaronson and Nadkarni show that mod(Centr Autns (y )iy \(Z)) C can have any 
Hausdorff dimension between and 1. This gives an explicit construction of type Hi equiv- 
alence relations whose fundamental group can have any Hausdorff dimension. The existence 
of such equivalence relations was already shown in [PV2, PV5]. 

Let Q C Aut mp (y, v) be a closed abelian subgroup of measure preserving automorphisms 
on (Y,u). Assume that Q acts ergodically on Y. Because Aut mp (Y, v) is a Polish group, 
we find a group morphism a : Q x — > Q with dense range. This defines an ergodic mea- 
sure preserving action of Q x on Y. Observe that the centralizer of this action is exactly 
Centr Autns (y l/ )(Q) = Centr Autna (y ^)(Cy). From this it follows immediately that every second 
countable locally compact abelian group appears as the outer automorphism group of some 
type Hi equivalence relation. 

In the example above, the quotient group A = Q x is abelian. In section 7, we give a more 
complex example of an action Trx(X,fj,). But this time the corresponding quotient group A 
is the free group Foo. This has the following interesting consequence. 

Theorem B (see also theorems 8.1 and 8.3). Let Q C Ant mp (Y,u) be a closed group of 
measure preserving automorphisms of an infinite measure space, acting ergodically. Then 
there is a type II\ equivalence relation TZ with 

T(K) = mod(Centr Autns( y ) j y) (^)) and Out (ft) = Centr Autmp(>> )(£). 
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It follows that every second countable locally compact unimodular group appears as the outer 
automorphism group of some type Hi equivalence relation. 

The situation for type Hi factors is very similar, but it requires an extra step. Remember that 
we want to control the outer automorphism group of M = L°°(A x Y) x> T. In general, let T 
act freely on an infinite measure space (Y, v). Denote M = L°°(Y) x V and 1Z = 1Z(T rxY). 
We have that 

(1) Out(ft) x Hi (r r> Y) c Out(M). 

This inclusion can be strict, see [CJ, P3]. But if we know that every automorphism of M 
preserves the Cartan subalgebra L°°(Y) up to a unitary, then the inequality in (1) is actually 
an equality. It is a hard problem to decide if every automorphism of M preserves L°° (Y) but by 
now we know many classes of actions T r\Y with this property [IPP, PI, P2, P2, PV1, PV3]. 

Combining theorem A with the results from [IPP] yields the following result. 

Theorem C (see theorem 5.1). Let T = T\ *s T2 be an amalgamated free product with T\ ^ 
£ 7^ T2- Let it : T — > A be a quotient morphism. Assume that 

• Ti n ker 7T contains an infinite property (T) group G. 

• the group £ is amenable. 

• there are group elements gx,...,g n 6 T such that the intersection fllLi di^d^ 1 ^ s 
finite. 

Let Tr\(X,[i) be a free, ergodic, p.m. p. action that satisfies the conditions of theorem A. 
For an arbitrary ergodic infinite measure preserving action Ar\(Y, v), we define an action 
TrvX xY by the formula g(x,y) = (gx,ir(g)y). 

Denote M = h°°(X X Y) X T and TZ = 1l{TrxX x Y). Then we have that 

Out(M) = Out (ft) KHi(rAlx7) = Centr Autras(1>) (A) x B. x {kr\Y). 
In particular, for every finite projection p € M we find that 

F{pMp) = mod(Centr Autns(y>) (A)) and Out(M) = Centr AuW(y>) (A) x R^ArxY). 

Also in this case, we can give an explicit example of an action T r\(Y, u) that satisfies the 
conditions of theorem C. Just as in the equivalence relation case, we can choose the quotient 
group A to be Foo. For the fundamental group, we obtain the following. 

Theorem D. Let Q C Aut mp (Y, u) be a closed ergodic subgroup of (possibly infinite) measure 
preserving automorphisms. Then there is a type II\ factor Mg with 

F{M g ) = mod(Centr AuW(:y>) (g)) 

For the outer automorphism group, things are a little more subtle. The cohomology group of 
an Foo-action is usually a non-locally compact abelian group. Since we are most interested in 
locally compact outer automorphism groups, we want to make this cohomology group vanish, 
using a group different from Fqo. We succeeded in some specific cases. 



Theorem E (see theorems 8.5 and 8.4). 
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• IfQ C A\xt mp (Y, v) is a closed (not necessarily free or ergodic) subgroup of probability 
measure preserving transformations, then we construct a type 1I\ factor Mg with outer 
automorphism group 

Out(Mg) = Centr Autmp(i>) (£). 

• For every n £ N, there is a type II\ factor whose outer automorphism group is SL^R. 

The first of these two statements gives an explicit construction for type Hi factors with 
prescribed compact second countable outer automorphism group. But many more groups can 
be realized this way. For example Aut mp (Y, v) for the non-atomic probability space (Y, v) 
also appears as the outer automorphism group of a type Hi factor. 

In fact, we can further generalize theorem C, using some kind of first quantisation step. 
We replace the infinite measure space (Y, v) by an arbitrary semifinite von Neumann alge- 
bra (B, Tr) with a fixed semifinite trace. The automorphism group of (Y, v) is replaced by 
the outer automorphism group of B. As before, the most general statement contains a 1- 
cohomology group of the action of A on fi. This group adds more technical problems than in 
the case of a measure space. I do not want to delve into these technicalities here. Therefore 
we only state the result for the fundamental group. More details are given in section 6. We 
obtain the following result. 

Theorem F (see also theorem 8.2). Let (-B,Tr) be any properly infinite but semifinite von 
Neumann algebra with a specified semifinite trace. Let A C Outt p (B, Tr) be a group of Tr- 
preserving outer automorphisms of B. Assume that this group acts ergodically on the center 
of B . Then there is a type II\ factor M\ with fundamental group 

F(M A ) = mod(Centr 0ut (B)(A)). 

Unlike the other results in this paper, this is a pure existence result. We use Ozawa's result 
[02] that for every B, there exists a property (T) group G such that G does not embed into 
the unitary group of pBp for any finite projection p € B. In many interesting cases however, 
we know an explicit example of such a group G. For example, with B = B(£ 2 (N)) <S> R or 
B = B(£ 2 (N)) <g> L(Foo), we can take any property (T) group G. 

Every fundamental group J'(M) of a type Hi factor appears in the way of theorem F: 

F{M) = mod(Centr Out(WN) ) )0M ({id})). 

This gives an alternative characterisation of the set of all fundamental groups of type Hi 
factors. But this characterization does not solve Murray and von Neumann's question, because 
it is not an intrinsic description. We conjecture that every fundamental group of a type Hi 
factor appears as mod(Centr 0ut (B(£ 2 (N)))®L(F 00 )(A)) f° r some subgroup A. If this conjecture 
would be true, then this would provide an important step in the solution of Murray and von 
Neumann's question. 
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1. Preliminaries and notations 

1.1. The fundamental group and the outer automorphism group of Hi equivalence 
relations and Hi factors. Murray and von Neumann denned [MvN] the fundamental group 
of a Hi factor as 

T(M) = {r(p)/r(g) | pMp ^ qMq}, 

where p and q run over the nonzero projections in M. Even though this definition makes 
sense for all Hi factors, we consider only separable von Neumann algebras (i.e. von Neumann 
algebras acting on a separable Hilbert space). There is a similar notion of fundamental group 
J~(TZ) for a Hi equivalence relation 7Z . A Hi equivalence relation is an ergodic, countable, 
probability measure preserving equivalence relation on a standard probability space (X,/j,). 
The fundamental group of TZ is defined by 

T(K) = {fi(u)/n(y) I n\u = n\v} 

where 7Z\u denotes the restriction of TZ to U, i.e. for two points x, y G U we have that xTZ\\jy if 
and only if xlZy. Associated to a Hi equivalence relation TZ is a separable Hi factor L(ft) and 
a Cartan subalgebra L°°(X, fj,) C L(R.) via the generalized group- measure space construction 
of Feldman-Moore [FM]. The fundamental group of TZ is always a subgroup of J-(L(TZ)). This 
inclusion can be strict: for example in [P5], based on results in [CJ], a Hi equivalence relation 
TZ is constructed such that = {1} while J r (L(7?.)) = R + . On the other hand, if for every 

p, q G A and every isomorphism a : pMp — > qMq, the Cartan subalgebra pA is mapped onto 
uqAu* for some unitary u G qMq, then we have T{L{TZ)) = F{TZ). 

To a non-singular action Trx(X,n), one associates the orbit equivalence relation TZ(T rx X) 
given by x ~ y iff. x = gy for some g G T. If the action is ergodic and p.m. p. (probability 
measure preserving) on a standard probability space, then TZ(T rx X) is a Hi equivalence 
relation. If the action T rxX is free, then we have that L(7£(r r\X)) = L°°(X) x T. 

We will encounter ergodic actions Tr\(X, fi) preserving the infinite non-atomic standard 
measure [i. The associated orbit equivalence relation 1Z(T rx X) is a so-called IIqo equivalence 
relation. For any Hqo equivalence relation 1Z, the restriction TZ\u to a subset with < n(U) < 
oo is a Hi equivalence relation. From now on, we only consider Hi and IIqo equivalence 
relations. 

To an equivalence relation 1Z on (X,fi), several groups are associated. The full group [1Z] is 
the group of non-singular automorphisms A of (X,/i) with A(x) ~ x for almost all x G X. 
Remark that all such A are measure preserving. An automorphism of 7Z is a non-singular 
automorphism of (X, fi) such that A(x) ~ A(y) iff x ~ y. We identify automorphisms that are 
equal almost everywhere. The group of all automorphisms of 1Z will be denoted by Aut(7£). 
Note that such an automorphism A preserves the measure in the case of a Hi relation, and 
scales the measure by a positive constant mod(A) if 1Z is a IIqo relation. The full group [1Z] 
is a normal subgroup of Aut(7£). The quotient Out (1Z) = Aut(7£)/ [1Z] is called the outer 
automorphism group. If 1Z is a IIqo relation and < n(U) < oo, then we have the following 
short exact sequence 



1 ► Out(K\u) ► Out (ft) F(n\u) > 1 
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In particular, if we can identify Out(7£), we also know T(lZ\u) and Out(7£|[/). 

The situation is similar for factors. Let M be a factor. We denote by Aut(M) the group of 
all automorphisms of M. If M is a type Hi factor, then every automorphism of M preserves 
the trace, and if M is of type IIoo> then every automorphism scales the trace by a positive 
constant mod( , 0) £ K+- An automorphism tp : M — > M is called inner if it is given by unitary 
conjugation, i.e. there is a unitary u £ M such that tp(x) = uxu* for all x £ M. The group of 
all inner automorphisms is denoted by Inn(M). This group is a normal subgroup of Aut(M), 
and we call the quotient Out(M) = Aut(M)/ Inn(M) the outer automorphism group of M. 

If M is a type IIqo factor and p € M is a projection with finite trace, then we have the short 
exact sequence 

1 ► Out{pMp) ► Out(M) T{pMp) ► 1 

1.2. Cocycle superrigidity and Ufi n groups. Let Trx(X, fi) be a probability measure 
preserving action. We say that Tr\(X, n) is weakly mixing if the diagonal action of T on 
X x X is ergodic. Many equivalent definitions are known, see for example [VI, Appendix D]. 
For us, the most important equivalent definition is the following. 

Lemma 1.1 (see [PV4, lemma 5.4]). Let T r\(X, fi) be a weakly mixing action. 

Let (Z, d) be a Polish space with separable complete metric d. Suppose that a Polish group A 
has a continuous action a by isometrics on Z . 

Let r rv(Y, v) be another measure preserving action on a standard measure space and let 
uj :T xY A be a measurable map. If a measurable map f : X x Y — > Z satisfies 

f(gx,gy) = a^ g , y )f(x,y), 
then there is a measurable map Jq : Y — > Z such that f(x,y) = fo{y) almost everywhere. 

For example, all (plain) Bernoulli actions of infinite groups are weakly mixing. More generally, 
a generalized Bernoulli action T rx(Xo, fio) 1 is weakly mixing iff. it is ergodic iff. every orbit 
of r r\ I is infinite. 

Fix a Polish group A. A measurable map oj : V x X — > A is called a 1-cocycle if u satisfies 
the cocycle relation 

oj(g, hx)uj(h, x) = co(gh, x) for almost every x & X and g,h € T. 

Examples are given by Zimmer cocycles: Let Ar\(Y, u) be a free non-singular action and let 
A : X — > Y be an orbit equivalence (i.e. A is an isomorphism between the orbit equiva- 
lence relations 1Z(T rx X) and 1Z{A rxY), or still A is a non-singular isomorphism such that 
A(Tx) = AA(x) for almost all x G X). The Zimmer cocycle is the unique (up to measure 
0) map it) : T x X — > A such that A(gx) = uj(g, x)A(x) almost everywhere. If Ai, A2 are 
two orbit equivalences and there is an rj £ [Jl(Ar\Y)] with Ai = r\ o A2, then u>\ and u>2 are 
homologous. This means that there is a function (p : X — > A such that 

u)i(g, x) = f(gx)~ 1 uj2(g,x)(p(x) for all g and almost all x 
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The group morphisms 5 : T — > A can be identified with the cocycles that do not depend on 
the X-variable. Popa showed the following cocycle superrigidity theorem. To state it, we 
need the notion of a U^ n group. A Polish group A is called a U^ n group if it can be realized as 
a closed subgroup of the unitary group of a finite von Neumann algebra. Examples include 
all countable groups and all compact second countable groups. 

Theorem 1.2 ([P4, theorem 0.1]). Suppose that Tr\(X,fi) is an s-malleable action (for 
example a generalized Bernoulli action) of a group T with an infinite almost normal subgroup 
G that has the relative property (T). Assume that G acts weakly mixingly on (X,fj,). Then 
every cocycle uTxl-^A, with a Ufi n target group A, is cohomologous to a group morphism. 

Groups r with infinite almost normal subgroups G that have the relative property (T) are 
called weakly rigid. A subgroup G C T is called almost normal if G fl gGg~ l has finite index 
in G, for all g € T. 

We say that an action V r%(X, /i) is Wg n -cocycle superrigid if every cocycle u : T x X — > A, to 
a Ufi n target group A, is cohomologous to a group morphism. For example, [P4, theorem 0.1] 
asserts that s-malleable actions of weakly rigid groups are £/fi n -cocycle superrigid. 

1.3. Intertwining by bimodules in the semifinite case. Given two subalgebras A and B 
in a finite von Neumann algebra M, we want to decide if A and B are unitarily conjugate or 
not. In [P2, section 2] and [PI, theorem A.l], Popa introduced a powerful technique to decide 
this type of question. In fact, we will need a similar technique that works if M is a semifinite 
von Neumann algebra instead of a finite von Neumann algebra. Such a generalization was 
developed in [CH] and later an improved version was given in [HR]. We give an overview of 
the terminology and of the results that we will use. 

Let (B,Tyb) be a von Neumann algebra with a faithful normal semifinite trace. From now 
on, a trace will always be assumed to be faithful and normal. Any right Hilbert 5-module H 
is isomorphic to a submodule of £ 2 (N) ®L 2 (B, Trg), so there is a projection p 6 £>(£ 2 (N)) <g> B 
such that H = p(£ 2 (N) (g>L 2 (.B, Ttb)). The trace Tr <8> Ttb(p) ofp is an invariant of the module 
H, which we call the dimension dimTr B (-ff_B)- Observe that the dimension of H depends on 
the choice of trace Tr, and even in the case of a IIqo factor B, the canonical trace Tr is only 
determined up to a positive scalar multiple. 

Definition/Theorem 1.3 ([HR, lemma 2.2], generalizing [P2, theorem 2.1]). Let (M, Tr) be 

a von Neumann algebra with a semifinite trace. Let p € M be a projection with finite trace and 
let A C pMp be a von Neumann subalgebra. Suppose that B C M is a unital von Neumann 
subalgebra such that the restricted trace Tr \b is still semifinite. We say that A embeds into 
B over M ( denoted by A-<m B) if one of the following equivalent conditions holds. 

• There is an A-B subbimodule H C pL 2 (M) that has finite dimension over (B, Tr). 

• There exist a natural number n, a projection q £ M n (C) <S>B with finite trace, a partial 
isometry v £ p(Mi )n (C) ® M)q and a unital *-homomorphism 9 : A — > q(M n (C) ® B)q 
such that av = v9(a) for all a € A. 

• There is no sequence (v n ) n of unitaries in A such that 

\\E B (xv n y)\\ Tr 2 ->■ for all x,y £ M. 
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In terms of Popa's notion for finite von Neumann algebras, this is equivalent with 

• There is a projection q E B with finite trace such that A -<t p \/q)M(pVq) QBq. 

Let C C M be a unital subalgebra. If there is a unitary u € M with uCu* C B, then we have 
pCp -<m B for every projection p ^ A with finite trace. The converse implication does not 
hold in general, but if both C and B are Cartan subalgebras, then the fact that pC -<m B, for 
some p S C with finite trace, is sufficient to conclude that C is unitarily conjugate to B. In 
the case where M is a Hi factor, this fact was proven in [PI, theorem A.l]. For a proof of the 
generalization to the semifinite case, see [HR, proposition 2.3]. In proposition 3.2, we give a 
different set of conditions on two subalgebras B,C C M such that pBp -<m C and qCq <m B 
implies that B and C are unitarily conjugate in M. 

Suppose that M = B x T where (B, Tr) is a von Neumann algebra with a semifinite trace 
and r acts on B preserving Tr. Let A C pMp be a regular subalgebra of a finite corner of M. 
Assume that we have A~<m B x £ for some (highly non- normal) subgroup £ C T. In [PV1, 
theorem 6.16], a criterion is given to show that then we also have A~<mB. An improved 
version of this criterion is given in [HPV]: For any subgroup £ C T, we denote by Hx; the 
closed linear span of all A-B x £ subbimodules of ph 2 (M) that have finite dimension over 
BxS. Because A is regular, this space He is invariant under left multiplication by pMp, so 
Hs is of the form Hs = ph 2 (M)z s for some projection z s in the relative commutant of B x £ 
inside M. This projection z E is uniquely determined if we also require that z E is smaller than 
the central support of p. By definition, we have z s ^ if and only if A -<m B x E. 

Given g € T, we have ^ sEg -i = UgZ^u*. For two subgroups £i,£2 C T, [HPV] shows that 
•ZEinsa = -2 ; e 1 ^e 2 - Remember that z E is always contained in M n (S x E)'. Suppose that u 9 
commutes with all of M D (B x £)' for some <7 € T. Then the combination of both observations 
in the beginning of this paragraph shows that we have -z EngE9 -i = z s . By induction, they 
obtain the following. 

Corollary 1.4 (see [HPV, Corollary 7]). Let M = B x T be a the crossed product of an action 
ofT preserving a semifinite trace Tr on B. Suppose that a regular subalgebra A C pMp of a 
finite corner of M satisfies A~<m B x E, for a subgroup E C T. If there are g%, . . . ,g n G T 
such that 

• the u gi are contained in the relative bicommutant of B x E, i.e. 

u gi £ln(ln(Bx £)')', 

• the intersection HILi 9i^9^ 1 * s fi n ^ e , 
then we also have A -<m B. 

Actually, [HPV, Corollary 7] is stated with a finite trace Tr, but its proof is still valid in the 
semifinite case. A second result in [HPV] states that if M is a Hi factor and if V = Vi *s ^2 
is an amalgamated free product with T± ^ E ^ T2, then z s is either 1 or 0. The proof uses 
the finiteness of the trace. However, the following variant is still true. Although the proof is 
almost identical to the proof of [HPV, Proposition 8], we provide a proof for the convenience 
of the reader. 
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Proposition 1.5 (see [HPV, Proposition 8]). Let T = Ti*^T2 be an amalgamated free 
product with V\ ^ £ ^ T2- Let tt : T — > A be a quotient morphism such that kern is 
not contained in S. Let Tr\(X,fi) be a free, p.m. p. action, and let A r\(B, TV) be any 
trace preserving action on a semifinite von Neumann algebra. Consider the action of T 
on L°°(X) <g) B given by g{a ® b) = ga ® Tt(g)b, and denote the crossed product by M = 
(L°°(X) B) x r. 

Let A C pMp be a regular subalgebra of a finite corner of M . Then the projections z s , z Vl 
and z r2 , as defined above, coincide. 

In particular, this projection z s = z Fl = z F2 is contained in the center of M. So whenever 
A ^ju(L°°(X) B) x Ti for i = 1 or i = 2, then it follows that 

A ^(L°°pO B) x (g^g' 1 n . . . n gnXg' 1 ) 

M 

for any finite number of elements g%, . . . ,g n £ T. 

Proof. We show that z E = z Tl . By symmetry it then follows that z E = z T2 . Observe that z E 
and z Tl are contained in the abelian von Neumann algebra L°°(X) <8> Z B. Moreover, z s is 
smaller than z T2 . 

Denote by S the set of all elements g € T that have a reduced expression whose first letter 
comes from T2 - X. For all g G S, we see that gTig~ 1 f]Ti C S, so it follows that z Fl u g z ri u* < 
z s . We claim that 

1 = V ZrjUgZr^g = Z Tv 
g€S 

Suppose this was not the case, then we denote r = z Fl — q. Whenever g E S, it is clear that 

r A u g ru* < u g z Fl u* A zr t A r = 



On the other hand, there are nonzero projections in the abelian von Neumann algebras 
r\ £ L°°(X) and V2 £ Z(B) such that ri <S) ri < r. In particular, r\ is orthogonal to u g r\u g 
for all 5 £ ker n D S. If we can show that ker tt n S" is infinite, we would have shown that 
the probability space X contains infinitely many mutually disjoint subsets of equal, nonzero 
measure. This contradiction proves that r = z Fl and hence that z s = z Fl , finishing the proof 
of proposition 1.5. 

We still have to show that ker7r n S is infinite. In fact, we show that there is an element 
g £ ker7r of infinite order and such that g n £ S for all n £ N. Let g £ ker-zr \ S be any 
element. We consider four cases. If the first letter of g comes from T2 - £ and its last letter 
comes from T\ - S, then g n is clearly contained in S for all n £ N. If the first letter comes 
from Ti - S and the last letter comes from T2 - S, then we have g~ n £ S. If both the first 
and the last letter of g come from F± — S, take any h £ T2 \ X, Then hgh~ 1 g is an element of 
ker 7T whose first letter comes from T2- T, and whose last letter comes from Ti - S. Finally, if 
both the first and the last letter of g come from T2 \ S, then we take any element h £ T\ — S, 
and we see that (ghgh^ 1 ) 71 £ S for all n £ N. □ 
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2. The equivalence relation case 

In this section we concentrate on fundamental groups and outer automorphism groups of type 
Hi equivalence relations. We mainly prove theorem A, but in section 6, we will meet cases 
where the action Arx(Y, v) does not preserve any cr-finite measure on Y . At the end of this 
section, in proposition 2.3, we give an explicit example of an action Trx(X, ju) that satisfies 
the conditions of theorem 2.1. This gives explicit examples of type Hi equivalence relations 
with uncountable fundamental group different from . 

Theorem 2.1 (see also theorem A). Let Trx(X,fj,) be a free, ergodic, p.m. p. action and let 
7r : r — > A be a quotient morphism. Suppose that 

• the action of kern on X is weakly mixing and Ufi n -cocycle superrigid. 

• there are no non-trivial group morphisms 6 : kern — > A. 

• NormAut mp (X,^)(ker n) = T, i.e. all the conjugations of the action of kern on X are 
described by elements ofT. 

Let Arx(Y,v) be any ergodic non-singular action on a standard measure space, and consider 
the action T rx X x Y given by g(x,y) = (gx,n(g)y). Then the orbit equivalence relation 
ft = ft(r rx X x Y) has outer automorphism group 

Out (ft) = Centr Autns(y) (A). 

If the action Arx(Y,v) preserves the infinite measure v, we recover theorem A: 

F(n\u) = mod(Centr Autns(y) (A)) and Out(ft|rj) = Centr Autmp( y jjy) (A), 
for any subset U C Y with finite measure. 

In the proof of theorem 2.1, we encounter local automorphisms of a measure space (X,/j,). 
We say that a map A : X — ^ X is a local automorphism if there is a countable partition 
X = into Borel subsets, such that the restriction A\x i is a non-singular isomorphism 

between the Borel sets Xi and A(Aj). 

Proof. The formula Ao i— > idx xAo defines an injective group morphism from the centralizer 
CentrA u t ns (y)(A) to the outer automorphism group Out (ft). 

It remains to show that every orbit equivalence A : X xY — > X xY is oi the form idx x Ao, up 
to an inner automorphism. Let A be such an orbit equivalence and consider its Zimmer cocycle 
wdxIxf-jT. We can consider the restriction w|ker7r as a cocycle ui : kern x X — > Q to 
the ZYfln target group Q of measurable functions from Y to T. Cocycle superrigidity yields a 
measurable function ^:IxF->r and group morphisms S y : ker tt — > T such that 

S y (g) = ^(s^yMss^yM^y) -1 

for all g € ker7r and for almost all (x,y) G X x Y. Because there are no non-trivial group 
morphisms 9 : ker-zr — > A, it follows that ^(ker-zr) C ker-zr. Then [P4, proposition 3.6] says 
that ip(g(x,y))uj(g,x,y)<p(x,y) is essentially independent of x, for all g € T. We denote that 
unique essential value by 5(g,y). 
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We define a local automorphism A : X xY X xY by the formula A(x, y) = (p(x, y)A(x, y). 
Observe that A(g(x,y)) = 5 y (g)A(x,y) for all g G ker7r and for almost all (x,y) G X x Y. 
Split A into its components: A = (Ai(x,y), A2(x,y)). Remember that <5 y (ker7r) is contained 
in ker tt. The function A2 satisfies 

A2(gx,y) = A2(x,y) for all g G ker-zr and for almost all (x,y) G X x Y. 

Since ker-zr acts ergodically on X, we see that A%(x, y) does not depend on x. We write just 

A 2 (y). 

Claim: we show that the formula Ai ty (x) = Ai(x,y) defines and automorphism Ai <y : X — > 
X, for almost every y G Y . We can apply the same argument as before to = A -1 . So 
we find a local automorphism Q: XxY^XxY and group morphisms 9 y : kern — > keiir 
such that Q(gx,y) = 9 y (g)Q(x,y) for all g G kenr and almost all (x,y) £ X xY. Moreover, 
we can assume that the second component ©2 of does not depend on the X-variable, and 
we consider it as 02 : Y —> Y. We denote the first component of by @i, and we write 
®i t y(x) = @i(x,y). So we have that Q(x,y) = (0i )3/ (x), ©2(2/)) almost everywhere. 

Remark that A o and o A are inner local automorphisms in the sense that there are 
measurable maps ip,ip : X x Y T such that 

A ^0 (x, y)j = tp(x, y)(x, y) ^A (x, y)\ = ip(x, y)(x, y) almost everywhere 

It follows that 

<p(gx,y)g(x,y) = A(®(gx,y)) = 5e 2 {y)( e y(9))v{ x ,y){x,y) 

for all g € ker-7r and almost all (x,y) € X x Y. By freeness, we see that (p(gx,y) = 
5Q 2 ( y }(9y(g))(p(x,y)g~ 1 almost everywhere. Weak mixing (see for example [PV4, lemma 5.4]) 
implies that <p(x, y) does not depend on x, so we write <p(y) = <p(x, y) a.e. The same argument 
works for tp, and we also write just tp(y). 

Then it follows that A2 o 2 and ©2 A2 are inner and hence local automorphisms. Lemma 
2.2 shows that A2, ©2 and the Ai >y , &iy are local automorphisms, for almost all y G Y. Now 
we see that il){y)~ l o ©1^2(1/) i s a l e ft inverse for A\^ y , for almost every y G Y . Similarly, 
©1,2/ is a right inverse for Ai ,e 2 (j/)- So for almost all y in the non-negligible set 

W = ©2 (Y), we know that Ai i3/ is a genuine automorphism of X. But for any g 6 T, we see 
that 5(g,y) o A\ ty = Ai^My 9- The ergodicity of Ar\Y shows that in fact almost every 
Ai tV is a genuine automorphism. This finishes the proof of our claim. 

Observe that A\ tV is a conjugation for the action ker tt r\ X, for almost every y G Y. Our third 
condition shows that Ai j2/ G T, so there is an element tp(y) G T such that Ai tV (x) = Tp(y)^ 1 x 
almost everywhere. Set Ao(y) = ■ip(y)~ 1 A2(y) and observe that ij)(y)~ l A(x, y) = (x,Ao(y)) 
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almost everywhere. Hence, for every g <G T, we see that 
(gx, A (ir(g)y)) 

= ^(^(g)y)~ ll p(g{x,y))A(g(x,y)) 

= ^{K{g)y)~ l <p{g{x, y))u(g, x, y)<p(x, y)' 1 ip(y) (x, A (y)) 

V * ' 

II 

Since T acts freely on X, we see that oj(g, x,y) = g almost everywhere, and in particular, Ao 
commutes with the action of A. We still have to show that Ao is an automorphism of Y . The 
same argument as before applies to A -1 , so we find a local automorphism 60 : Y — > Y such 
that (x, 0o(Ao(y))) G T(x,y) almost everywhere. By freeness we see that ©o o Ao = idy. 
Symmetrically, we find that Ao o Go = idy, so Ao is an automorphism of Y. 

We have shown that A is of the form idx x Ao up to an inner automorphism. □ 

Lemma 2.2. Suppose that A:XxY — > XxY and Q:XxY — >■ XxY are local automorphisms. 
Suppose that the second component of A and does not depend on the X -variable, so we can 
write 

A(x,y) = (Ai, y (s),A 2 (j/)) andQ(x,y) = (@ hy (x), 6 2 (y)) 
almost everywhere. 

If A2 o 6 '2 and 2 oA 2 are local automorphisms ofY, then A2, 2 , the A± ty and the @i >y for 
almost all y £Y are local automorphisms. 



Proof. We first show that A2 and 02 are local automorphisms. 

Remark that A _1 (X x W) = X x A 2 " 1 (VF) for all measurable subsets W C Y . Since A is 
non-singular, we see that A 2 is non-singular. The same argument applies to 2 . 

We show that A 2 and 2 are partial automorphisms. We can partition Y into a countable 
disjoint union of subsets Y = |J j Yi such that every = 2 o A 2 |y is a non-singular au- 
tomorphism. Similarly, we can partition Y into a disjoint union Y = |J • Yj such that every 
$j = A 2 o 2 |y is a non-singular automorphism. For every it follows that A 2 |y nA -i^^ 

is a non-singular automorphism between Y{ n A^ 1 and Yj n 2 1 (^i(Yi n A2 1 (Yj))), so A 2 is 
a local automorphism. The same argument applies to 2 . 

Then we show that almost all the A± ty are local automorphisms. 

Let W C Y be a subset such that A 2 |iy is a non-singular isomorphism onto its image. Let 
U be a measurable subset of X x W such that A\u is a non-singular isomorphism onto its 
image V = A(U). We denote by U y the slice U y = {x € X \ (x,y) G U}. Consider the 
Radon-Nikodym derivative F :V —?- R* + of A\u and denote by G : A 2 (Yj) ->■ M.* + the Radon- 
Nikodym derivative of A 2 |y . Then we compute that, for all measurable functions / : X — > R 
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and g : Y — > M, we have 

/ y(A 2 (y)) / /(A liJ/ (x))d/i(x)dKy) 

JYi JUy 

= (f®g)(A(x,y))d(nxu)(x,y) 
Ju 

(/ ® ff)(a;, y)i ? (x, j/) d(/i x y) 

= / ff (A 8 (y)) / /(,) ^f d^)dK!/). 
Jv A2(y) G(A 2 {y)) 

This calculation shows that the Radon-Nikodym derivative of Ai,y\u y is given by the formula 
H y (x) = F(x, A2(y))/G(A2(y)) and in particular, we see that Ai )3/ |[/ is non-singular. Be- 
cause A|j; is bijective, it follows that Ai >y \u y is a non-singular isomorphism onto its image, 
for almost all y G 1" with n(U y ) > 0. 

We can partition X x Y into a countable disjoint union of sets like U, so Ai )3/ is a local 
automorphism for almost all y G Y. □ 

Proposition 2.3. Consider the action of the affine group V = GL n Q x Q n on the countable 
affine space I = Q n ; with dimension n > 2. The determinant gives us a quotient morphism 
7r : r — > A = Q x . Then the generalized Bernoulli action Trx(X,[i) = (Xq,^) 1 , with atomic 
base space (Xo,//o) with unequal weights, satisfies the conditions of theorem A. 

Observe that Q x = Z /2 Z®°°. We do not need the action of Q x on (Y, i/) to be free. This 
way we see already that for any abelian group A and any ergodic, measure preserving action 
of A on (Y,u), we can realize mod(CentrA u t nB (y) (A)) as the fundamental group of a type Hi 
equivalence relation. In particular, we can do this with A = Z. Using ergodic measures on 
M, Aaronson and Nadkarni [A, AN] show that for any number < a < 1, there is a measure 
preserving action 7Lr% Y such that mod(CentrA u t ns (y)(Z)) has Hausdorff dimension a. 

Proof. We show that the action T r\ (X, /x) satisfies the conditions of theorem A. The second 
condition follows from the fact that SL n Q has no non-trivial morphisms to abelian groups 
and that the conjugates of SL n Q generate SL„Q x Q n . For cocycle super rigidity, observe that 
Z n is an almost normal subgroup of SL n Q x Q n that has relative property (T) and that acts 
with infinite orbits on /. Popa's cocycle superrigidity theorem [P4, theorem 0.1] implies that 
ker-7r rx X is £4 n -cocycle superrigid. 

Let A : X — > X be a conjugation of ker-zr r\ X. We show that A £ T. By [V2, proposition 
6.10] there is a measure preserving automorphism Ao : A"o —> Xq and a conjugation a : I —■ I 
such that A(x) Q (j) = Ao(xj). Since (Xo,//q) is atomic with unequal weights, Ao can only be 
the identity. Moreover, there is an automorphism 5 : SL n Q x Q n — > SL n Q x Q n such that 
a(gi) = 8(g)a(i) for alH G I and g G SL„Q x Q n . As every affine subspace V C I = Q n is 
of the form V = Fix(g) for some g G SL n Q x Q n , the conjugation a maps affine subspaces 
of Q n to affine subspaces. Since a preserves inclusions, it also preserves the dimension and 
in particular, a maps lines to lines and planes to planes. Such a map is easily seen to be an 
affine transformation of Q n , i.e. a G T. We obtained that A G T. □ 
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3. A PRESERVATION OF CARTAN RESULT 

Let r r\(X, n) be a free, ergodic, measure preserving action. For the orbit equivalence re- 
lation 1Z = lZ(FrvX), the previous section allows us to compute the group mod(Aut(7£)), 
in specific cases. For the group measure space construction M = L°°(X) x T, it is clear 
that mod(Aut(M)) contains at least mod(Aut(7£)). Equality holds if every automorphism 
ift : M — > M maps L°°(X) onto a unitary conjugate of L°°(A) inside M. 

The following theorem provides a criterion to show, for some actions Tr\X, that every 
automorphism if) of M = L°°(X) x T preserves the Cartan subalgebra L°°(X) up to a unitary 
conjugation in M. Its proof is a direct combination of results from [IPP]. The statement is 
very similar to [PV3, theorem 5.2]. Because the exact form we need is not available in the 
literature, we provide a complete proof. 

Theorem 3.1 (see [IPP]). Let T = T\ *s T2 be an amalgamated free product and consider a 
quotient morphism ir : T — > A. Let (B,Ti) be a von Neumann algebra with a semifinite trace 
Tr and assume that B does not have minimal projections. Let f3;Ar\B be a Tr -preserving 
action. Assume that 

• T\ nker7r contains an infinite property (T) group G. 

• the group S is amenable and T\ ^ £ 7^ T2. 

• there is no *-homomorphism 9 : L(G) — > qBq for any projection q £ B with finite 
trace. 

• there are group elements gx,...,g n G V such that the intersection DiLi^^ffi" ^ s 
finite. 

Let a : V r\(X, /i) be any free, ergodic, p.m. p. action. Consider the action a : T r\ L°°(A) ® B 
given by a g {a®b) = a 9 (a) <8>/? T ( g ) (6) . Denote by M the crossed product M = (L°°(X) <S> B) x T. 

Then any *- automorphism ip of M stably preserves C = L°°(X)®B up to a unitary, i.e. 
there is a unitary u G B(£ 2 (N)) ® B(l 2 (N)] )<g> M such that 

u{i°°{n)^B{i 2 {n))®^{C))u* = e°°(n)®B(e 2 (n))® c 

If B is abelian, or if B is properly infinite and the ergodic action Ar\Z(B) does not preserve 
a probability measure (i.e. the orbit equivalence relation is of type 1^, 11^ or III), then there 
is a unitary v G M such that vip{C)v* = C . 

Proof. Throughout the proof, we will use the intertwining- by-bimodules technique in the 
semifinite setting. Because [IPP] is formulated a finite setting, need to be able to take finite 
corners. The following claim allows to do exactly that. 

Write A = L°°(X). Denote by M = B x A and set M = (L°°(X) x T)!§N. There is a natural 
trace preserving embedding (p of M into M, given by the formula ip{{a®b)u g ) = au g ®bu^^ g y 
Claim: let H C T be a subgroup, let Aq be C or A, and let Q C pMp be a subalgebra of a 
finite corner of M , then we have that 



Q -<(A <8> B) x H if and only if ip(Q) -<(A X H) ®M . 

M M 
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If Q embeds into (Aq®B) x H inside M, it is clear that (p(Q) embeds into ip((Ao<g)B) x H) C 
(A x H) ® N inside cp(M) C M. 

Conversely, assume that Q does not embed into (^4o <8) B) >\ H inside M. Then, by [HR, 
theorem 2.1], we find a sequence (v n ) n of unitaries in Q such that 



\E(Ao®B)xH(vv n y)\\ 2 -)■ for all x,y G M. 



We have to show that 



for all x, y € M . 



By Kaplanski's density theorem, it suffices to do this for x = u g and y = Uh- Write the 
Fourier expansion of v n in (Aq ® B) x V as v n = J2keT v n,kUk- Then we compute that 

2 



E (A xH)®AfK^KK 



/j \\V>A <g>B(v n . 



k)\\l 



k&T,gkheH 



ll 1 1 2i 

= \\ E (A ®B)nH{UgV n ,Uh)\\ 2 ~> 0, 

proving that y(Q) does not embed into (^4q » H) ®Af inside M. 



Using this claim, we prove theorem 3.1. Let tp be an automorphism of M and let p G S be 
a projection with finite trace. Up to a unitary conjugation, we can assume that q = ip{p) is 
contained in B. We will use the following notations 

(A x Ti)®qAfq 
(A x T 2 )®qAfq 
(A x Y.)^qMq 
(A x r) ®qMq = Mi *^M 2 
tp o ip : pMp -> 

.Step -Z: w;e s/tow £/ia£ ^(-^ <8> P-Bp) for i = 1 or 2 As in [IPP], we consider the word- 

length deformation (m p ) p on A4 = Mi *pM 2 , i-e. for every number < p < 1, we define a 

unital completely positive map m p : M —> M that is given by m p (au g <S> x) = p^(au g (g) x) 
for all o G A, g G T and x G qM q. The notation |g| denotes the word-length of g in the 
amalgamated free product r = Ti *s T 2 . Observe that ||m p (x) — x\\ 2 tends to as p tends to 

1, pointwise for all x G M. 

The subalgebra Q = ip(p\j{G)) has property (T), so the word-length deformation converges 
to id uniformly on the unit ball of Q. We also know that ijj(p~L(G)) does not embed into B 
inside M, so the claim above shows that Q does not embed into qN q inside M. Because 
A x £ is amenable, it follows that Q does not embed into V inside M (see [PI]). The unitaries 
ifj(pu g ) G M with g G G, normalize the abelian von Neumann algebra t/j(pA) C M. By [PV3, 
lemma 5.7] (which is a version of [IPP, proposition 1.4.1]), we find a < po < 1 an d a 5 > 
such that r Tr(w*m P0 (w)) > 6 for all unitaries w G ip(p(A x G)). 



Mi = 

M 2 = 

V = 

M = 
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We also know that ip(p(A x G)) does not embed into V inside M., so [PV3, theorem 5.4] 
(which is a version of [IPP, theorem 4.3]) implies that Nj^(il){p(A x G)))" embeds into Aii, 
for i = 1 or 2. This normalizer contains ip(A ®pBp). 

We finish the proof of theorem 3. 1 . 

We have just shown that ifj(A^pBp) embeds into Mi inside M. The claim in the beginning 
of this proof shows that ip(A ® pBp) embeds into M\ inside M. Because ker-zr contains the 
infinite property (T) group G, it is certainly not contained in the amenable group S. By our 
last condition, we can apply proposition 1.5 (which is a variant of [HPV, proposition 8]) to 
obtain that ip(A <g> pBp) -< M A®B. 

If B happens to be abelian, then A <g> B is a Cartan subalgebra of M, so [HPV, proposition 
2.3] implies that ip(A <g> B) is unitarily conjugate to A ® B. 

Otherwise, we have just shown that ij){A (g) pBp) -<m A g) B, and by symmetry it follows 
that A (g) qBq -<m ip{A <8> B). Proposition 3.2 below shows that tp(A (g> B) is stably unitarily 
conjugate to A ® 5 inside M, i.e. there is a unitary u € S(-£ 2 (N)) <g) B(£ 2 (N)) <g> M such that 

u(£°°(n) ® ^(^ 2 (N)) ® V(^4 (8) = ^°°(N) ® fi(^ 2 (N)) ® ^ ® B. 

If B is properly infinite and there is no finite A-invariant measure on 2(B), proposition 3.2 
below shows that ip(A (g> B) is actually unitarily conjugate to A® B. □ 

Popa's intertwining-by-bimodules technique is used to decide if two subalgebras A,BcM 
of a Hi factor are unitarily conjugate. If A and B are unitarily conjugate, the it is clear that 
A -<m B and B -<m A. The converse implication is false in general. However, there are several 
special cases in which this converse implication holds. 

For example, if A and B are Cartan subalgebras of M and A -<m B, then [PI, theorem A.l] 
(or [HR, proposition 2.3] in the semifinite case) shows that A and B are unitarily conjugate. 
We need a criterion that allows non-abelian algebras A and B. Such a criterion is given below. 

Proposition 3.2. Let M be a type IIoq factor and let A,B C M be von Neumann subalgebras 
such that the restricted traces Tr \a and Tr \b are still semifinite. Suppose that 

• A and B are regular subalgebras of M . 

• Z{A)' n M = A and Z(B)' f]M = B. 

If pAp -<m B and qBq -<m A for some projection p € A and q € B with finite trace, then A 
and B are stably unitarily conjugate in M , in the sense that 

A®B{£ 2 (n)) <g>r°(N) and B B(l 2 (N)) <g> ^°°(N) 

are unitarily conjugate subalgebras of M ® B(£ 2 (N)) <g> B(£ 2 (N)) 

If moreover A and B satisfy 

• A and B are properly infinite, i.e. every central projection in A respectively B is an 
infinite projection in A respectively B, 
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• there is no finite trace t~z{A) on 2>(A) that is invariant under the action of N m{A). 
Similarly there is no N jy(-B)- invariant finite trace Tz(B) on Z{B), 

then there is a unitary u € M with u*Au = B 



Proof. Step 1: There are projections p\ G A and q\ € B such that piL 2 (M)qi contains a 
nonzero finite index p\Ap\-q\Bq\ subbimodule. 
Consider the A-B bimodules 



ttA^ M B = \J^Kc Pl L 2 (M) 
H A y M B=\/UcL 2 (M)q 1 



pi € A is a projection with Tr(pi) < oo, and N 
K is a p\Ap\-B bimodule with dinixr(-^g) < oo 
q G B is a projection with Tr(gi) < oo, and ] 
K is anA-qiBqi bimodule with dimpr^-fO < oo J 



Because A, B C M are regular subalgebras, both bimodules are actually non-zero M-M 
bimodules, so it follows that Ha^ m b = L 2 (M) = Ha>- m b- In particular, we find that, for 
any projections p\ € A and q\ € B with finite trace, the Hilbert space p\ \?{M}q\ is spanned 
by p\Ap\-q\Bq\ bimodules that have finite dimension over q\Bq\. Similarly, p\L 2 (M)qi is 
spanned by p\Api-q\Bqi bimodules that have finite dimension over p\Ap\. Write C for the 
von Neumann algebra of p\Ap\-q\Bq\ bimodular operators on p\ L 2 (M) qi . On C, we have 
two natural traces: a trace TV^ that comes from the canonical trace on the commutant of 
piApi, and a trace Tr^ that comes from the canonical trace on the commutant of q\Bq\. The 
fact that ~R-a-<m B = L 2 (M") = H a> _ mB implies that both traces Tr^ and Tr^ are semifinite 
traces on C. In particular, we find elements x,y £ C such that Tta.(x*x) < oo, such that 
Tr b{u*u) < oo an d such that xy 7^ 0. Then we also have that Tr a(x* y* yx) < 00 and 
b{x* y* yx) < 00, so any nonzero spectral projection r = Xis^iiu* x * x v) 1S the projection 
onto a nonzero finite index p\Api-q±Bqi subbimodule K of p\ \?{M)q\. 

Step 2: Write A\ = p\Ap\ and B\ = q\Bq\. We write the left action of A\ on K explicitly by 
A : A\ — > B{K) and we write the right action by p : B° p —¥ B(K). Then there is a non-zero 
Ai -Bi bimodular projection r on K such that 

rA(Z(Ax)) = r( B (K))r = rp(Z(B 1 )). 



Denote by C = ^ B B (K) the von Neumann algebra of all A\-B\ bimodular operators on K, 

so C = A(Ai)' n p(B° p )'. Since K is a finite index bimodule, we know that A(^4i) C p(B° p )' 
is a finite index inclusion, so \{Z(Ai)) is a finite index subalgebra of C, see for example [V2, 
lemma A. 3]. Because Z{A\) is an abelian von Neumann algebra, we find a nonzero projection 
r\ € C that satisfies r^Cr® = X(Z(Ai))p. Similarly, we see that p{Z(B\))rQ is a finite index 
subalgebra of roCro, so we find a nonzero projection r < ro in C such that rCr = p{Z{B))r. 

Step 3: There is a partial isometry v G M such that vv* € A and v*v € B, both having finite 
trace, and such that v*Av = v*vBv*v. Possibly passing to a subbimodule, we can assume 
that K = rK is finitely generated over B\. So we find an A\-B\ bimodular unitary 
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for some projection q 2 G B™ and a finite index inclusion if; : A\ — >■ q 2 B™q 2 . The conclusion of 
step 2 shows that ^(Z(Ai)) = V(A)' n q 2 Bfq 2 = Z(q 2 B?q 2 ). 

Consider the vector £ = [V{e l <g> i), . . . , V{e n ® i)] G C n <g> L 2 (M). Observe that this vector 
satisfies the relation x£ = £ip(x) for all x G A\. Polar decomposition gives a partial isometry 
v G Mi jn <8)M such that xt> = vip{x) for all a; G A- Moreover, ot* < p\ has finite trace. 
Remark that vv* commutes with A±, so vv* is contained in A\ C A. Also, commutes 
with i/j(Ai). In particular, it commutes with ip(Z(Ai)) = Z(q 2 B™q 2 ). Hence we have that 
v*v G q 2 B™q 2 n ^(Aj.)' = Z(q 2 B™q 2 ). Possibly making pi, q\ and q 2 smaller, we can assume 
that n = 1, pi = vv* and v*v = q 2 = q±. Now we have that v* Z(p±Api)v = Z(qiBq±). Our 
first condition shows that v*Av = v*vBv*v. 

Step 4- The subalgebras A and B are stably unitarily conjugate. We use the following nota- 
tions: 

A = A® B(£ 2 {n)) A = A®£°°{N) = A ® B(£ 2 (n)) <g> £°°(N) 

£ = .B®£(£ 2 (N)) B = B®£°°(N) =S®6(f 2 (N))®f°°(N) 

W = M« £(£ 2 (N)) = M ®B{£ 2 (n)) = M (g> B(£ 2 (N)) <S> B{£ 2 {n)) 

Step 4-1-' there is a partial isometry w^M. with ww* €Z(A), w*w G Z(B) and such that 

w* Aw = w*w B . 

We find an infinite sequence (v n ) n of partial isometries in A such that v n v* = p <g> e± t i for all 
n, and such that J2 n v nVn is the central support of p®e\^\ in A. Similarly, we find an infinite 
sequence (y n ) n of partial isometries in B with v n v* n = q®e\ t \ for all n, and such that J2 n ^n^n 
is a central projection in B. The partial isometry w = J2 n v n,vVn satisfies the conditions of 
step 4.1. 

S'tep i/iere is a unitary u G .M suc/i i/iai 

u*Au = 0. 

Because A is a regular subalgebra of the factor Ai, we see that the normalizer of A acts 
ergodically on Z(A). We find an infinite sequence (w n ) n of partial isometries in M with 
w n w^ = ww* and w* L w n G 2(A), such that w^Aw n = w^w n A and such that Yln w n w n = 1- 
Similarly, we find an infinite sequence (w n ) n of partial isometries in A4 with w n w^ = w*w 
and w^Wn G Z(B), such that X^n^n^n = 1 an d such that w* n Bw n = w* n w n B. The unitary 
u = J2n w n ww n satisfies uAu* = -B. 

Step 5: If A and B are properly infinite and Z(A) (respectively Z{B)) does not admit a 
finite NorniM (A) -invariant (resp. Noiijim(B) -invariant) trace, then A and B are unitarily 
conjugate. Take a unitary u G B(£ 2 (N))<g)B(£ 2 (N))<g)M that conjugates £°°(N) ®B(£ 2 (N)) <g> A 
onto £°°(N) <g) B(£ 2 (N)) (g> B. The fact that A is properly infinite means exactly that there is 
a partial isometry w\ G Mi j00 (C) <g> ^4 such that wxtoj = 1 and w^wi = 1 <g> 1 G £>(£ 2 (N)) <8> A. 
There is a similar isometry u>2 G Mi jCO (C) (8) 1?. The unitary «i = (1 wi)u(l <g) it;*) in 
£(£ 2 (N)) (8) M conjugates £°°(N) <g> A onto £°°(N) <g> B. 



22 



STEVEN DEPREZ 



Because Z(A) is abelian, we can identify it with the ~L°°(X) of some measure space X. We 
know that the ergodic action Normjv/ (A) r\X does not admit a finite invariant measure on 
X. So the associated orbit equivalence relation is of type I^, IIqo or III. In any case there 
is a non-singular isomorphism A : N xX — > X such that A(i,x) is in the same orbit as 
x, for all i & N and almost all x € X. This yields a unitary u>2 € Mi )00 (C) <g> M such that 
W2AW2 = £°°(N)<S>A. We find a similar unitary W2 for B. Now that unitary U2 = W2U1W2 £ M 
conjugates A onto -B. □ 

In both steps 4.1 and 4.2 of the proof of proposition 3.2, we have to pass to an amplification. 
The following example explains why we can not avoid this. Let Aq C Mq be any Cartan 
subalgebra of a Hi factor. Set 

M = M <g>M 2 (C) 
A = A ®D 2 (C) 
B = A ®M 2 (C) 

With v = 1 <g> ei,i, we clearly have that vAv* = vv*Bvv* . Of course v does not extend to a 
unitary that conjugates A onto -B (A and i? are not even isomorphic). 

We really need the "abelian" amplification in step 4.1: A®B(£ 2 (N)) and B ®B(£ 2 (N)) are not 
unitarily conjugate in M® B(£ 2 (N)) because the smallest projection p € A ® i3(£ 2 (N)) that 
has full central support in A<g)B(£ 2 (N)), has Tr(p) = 2 while q = l®ei,i (8)61,1 G 5<g)^(^ 2 (N)) 
has full central support in £> <g> ^(^ 2 (N)), and Tr(g) = 1. 

Also the "factorial" amplification in step 4.2 is necessary: the von Neumann algebras A 
£°°(N) and B (X) £°°(N) are not even isomorphic. 



4. Every fundamental group of an equivalence relation is the fundamental 

group of a factor 

Given a Hi equivalence relation 7Z, we construct a type Hi factor M whose fundamental group 
is T(M) = F(1Z). For a type Hi equivalence relation 1Z on a probability space (X, /i), denote 
by TZ°° the infinite amplification on X x N. Given any type Hi factor Q, we can construct 
a new type IIqo factor M = (Q ® L°°(X x N)) *l oo (A'xN) L(72.°°). For convenience, we will 
denote A = L°°(X x N) and P = L(n°°). 

It is now clear that J-(JV) C mod(Aut(M)) = ^(pMp) for any projection p S M with finite 
trace. We show that, for the right choice of Q, we actually have F(1Z) = F(pMp). 

Theorem 4.1. Let TZ be any type II\ equivalence relation on (X,fj,). Denote by P = L(7£°°) 
the generalized group-measure space construction of the infinite amplification of 1Z. Denote 
by A = L°°(X x N) the corresponding Cartan subalgebra Ad P. 

Let Q be a type LI\ factor with trivial fundamental group and such that there exists a diffuse 
Cartan subalgebra Qo C Q with relative property (T). Define a type IL^ factor M = (Q <g> 
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A) *aP- Then we have 



mod(Aut(M)) 



Popa showed in [PI] that the type Hi factor Q ■■ 
theorem 4.1. In this case, the Cartan subalgebra 
in Q. 



= L(SL2^ k Z 2 ) satisfies the conditions of 
Qo = L(Z 2 ) has the relative property (T) 



Proof. It is obvious that the fundamental group of 1Z is included in mod(Aut(M)). For the 
other inclusion, it is sufficient to show that every automorphism of M preserves A up to a 
unitary in M. 

The techniques to do this were developed by Ioana, peterson and Popa in [IPP]- In fact, 
we need a semifinite generalization of these results, but the original proofs generalize in a 
straightforward way. A complete proof for these generalizations is also given in my thesis [D] . 
For each result we use, we give both relevant references. 

Let tj) : M — > M be an automorphism of M, and fix a projection p G A with finite trace. 
Consider the word-length deformation m p : M — > M as in [IPP]. Because Qq C Q has the 
relative property (T), we know that m p converges uniformly on the unit ball of ip(pQo). 

We show that ip(pQo) y^M A- If this were not the case, [V2, lemma 3.5] would yield a projection 
q G A with finite trace and such that 



But by [IPP, theorem 1.2.1] (generalized to the semifinite setting in [CH, theorem 2.4]), we 
know that the relative commutant of pQo is in fact equal to p(Qo <8> A). Then the type Hi 
factor qQ embeds into the abelian von Neumann algebra ip(p(Qo ® A)). This contradiction 
shows that ip{pQo) -/^m A. 

But all the unitaries of ip{pQo) commute with the abelian von Neumann algebra tp(pA), so 
[IPP, proposition 1.4.4 and theorem 4.3] (or rather [D, lemma 4.8 and theorem 4.6]) shows that 
ip(pA) embeds into (Q <S) A) or into P. Since ip{pA) is regular in ip{p)Mip{p), it follows that 
ip(pA) -<m A, see [IPP, theorem 1.2.1] (generalized to the semifinite setting in [CH, theorem 
2.4]). Now, [V2, lemma 3.5] shows that q(M n A') -< ip(M n A'), for some projection q G A. 

We can apply the same argument to ip" 1 , and we obtain that also tp(r(M n A')) -^mMH A'. 
Now proposition 3.2 shows that tj){M (~l A') is stably unitarily conjugate to M R A'. So we 
find a unitary u G B(f 2 (N)) <g> B(£ 2 (N)) ® M conjugating B(£ 2 (N)) <g> ^°°(N) ® tp(M n A') onto 
B(£ 2 (N)) ® r°(N) 8(Mn A'). 

Observe that M D A' is isomorphic to Q*°° ® A. By [IPP, theorem 6.3], we know that *°° Q 
has trivial fundamental group. So we can assume that u G 1 <8> B(£ 2 (N)) (8) M. Since 1Z°° is a 
type IIqo equivalence relation, we can assume that u G 1 ® 1 ® M, so ip{M fl A 1 ) is unitarily 
conjugate to MdA' inside M. The same is true for their respective centers, tp(A) and A. □ 



qQ C q(M n A') -< ^(p(M n Q' )p). 
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5. The II4 factor case 

We want to prove a result similar to theorem A, but for type Hi factors instead of equivalence 
relations. To do this, we combine theorem A with theorem 3.1. 

Let r rv(X, //) be a free, ergodic, p.m. p. action, let it : T — > A be a quotient morphism and let 
Ar\(Y, v) be an ergodic, infinite measure preserving action. Define a new action T rx X xY 
by g(x,y) = (gx,7r(g)y). Denote the corresponding group measure space construction by 
M = L°°(X x Y) x T. Any A £ Centr Autns (y)(A) defines an automorphism tp^ ■ M -> M 
by the formula ip&iia (8> &)%) = (a ® A*(b))u g . Two different automorphisms like that are 
never unitarily conjugate. However, there is another natural class of automorphisms of M. 
Let ijj : A x Y — > S 1 be a 1-cocycle. Define unitaries v s G L°°(Y) by v s (y) = uj(s,s~ 1 y). 
Then the formula <#j((a <8> = (a <8> bv n r g \)u g defines an automorphism of M. Two such 
automorphisms y> w and (fcj are unitarily conjugate if and only if u and Co are cohomologous. 
Denote by Hi(A rxY) the group of all 1-cocycles u : A x Y — > S 1 , identifying cohomologous 
cocycles. 

The preceding paragraph shows that Out(M) contains at least the group 

(2) Centr Autns(1>) (A) x Hi(A^y) C Out(M). 

Of course, the <p u are trace preserving, so they do not contribute to mod(Aut ns (M)). 

Theorem 5.1 shows that under strong conditions on Tr\X, the inclusion in (2) becomes 
and equality. Proposition 5.2 gives an explicit example of an action Tr\(X,[i) that satisfies 
the conditions of theorem 5.1. As with the equivalence relation case, the quotient group is 
A = Q x . By [A, AN], this gives explicit examples of type Hi factors whose fundamental 
group can have any Hausdorff dimension < a < 1. 

Theorem 5.1. Let T rx(X, fj,) be a free, ergodic and probability measure preserving action, 
and let ir : T — >• A be a quotient morphism. Suppose that 

• the conditions of theorem A are satisfied. 

• the conditions of theorem C are satisfied. 

• ker 7r is a perfect group. 

Let A rv(Y, v) be an ergodic measure preserving action. Consider the action ofT on X x Y 
given by g(x, y) = (gx, n(g)y), and denote the crossed product by M = L°°(A x Y) xi Y. Then 
the outer automorphism group of M is 

Out(M) = Centr Au t ns (Y»(A) X Hi(Ar>Y). 

Proof. By the discussion above, it is clear that the group in the right hand side is contained 
in the outer automorphism group of M. 

Let if) : M — > M be an automorphism of M. By theorem 3.1, we can assume that ij) globally 
preserves L°°(A x Y). Theorem 5.1 in [S] yields an orbit equivalence A: XxY^-XxY 
such that ip(a ®b) = A* (a <S> b) for all a ® b £ A ® B. By theorem A, we can assume that A 
is of the form id xAq for some Aq £ Centr Autns (y)(A). 
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In other words, we have that iJj = ip^ o o ip acts as the identity on A <8> B. Theorem 3.1 in 

[S] yields a cocycle oj :F x X xY — > S 1 such that -0 can be described in the following way. 
Denote by v g G L°°(X x Y) the unitary that is defined by v g (x,y) = oj(g, g~ 1 x,7r(g~ 1 y)), for 
every g G T. Then ip is given by tp((a <8> b)u g ) = (a ® b)v g u g . 

Remember that ker 7r acts £/fi n -cocycle superrigidly on X, so we can assume that u(g, x, y) does 
not depend on the x- variable, at least whenever g G ker7r. Since ker7r acts weakly mixingly 
on X, [P4, proposition 3.6] tells us that cu(g, x, y) is independent of x for all g G F. From now 
on we consider oj : T x Y — > S 1 . For almost every y G Y, the map ker tt u(g, y) G S 1 is 

a group morphism. Since ker7r is a assumed to be a perfect group, it follows that u(g,y) = 1 
for all g G ker7r and almost all y G Y. This shows that oj splits over the quotient ir. We 
consider oj as a cocycle for the action Ar\Y. We have shown that ijj = ip u . 

For any automorphism ifi : M — > M, we have found a unitary u G M, an automorphism Ao G 
Centr Autns (y)(A) and a cocycle oj G Hi(Ar> Y) such that ip is the composition Ad u oifi& oip w . 
So we have shown that 

Out(M) = Centr Autns(y) (A) x Hi(ArvF). 

□ 

Proposition 5.2. Consider the group T = GL n+ iQ *t„q k q" (GL n Q ix Q n ) (n > 3j where 
T n Q is i/ie group of upper triangular matrices in GL n Q. We view T n Q x <Q) n as the subgroup 
of GL n+ iQ consisting of matrices of the form fj with A G T n Q and v G Q n . Define a 
quotient map it : T -4 Q x 6y 7r(A) = det(^4) /or a// A G GL n+i Q and n(A,v) = det(A) 
when (A,v) G GL„,Q ix Q n . Set H = GL„Q C GL n Q k Q n and consider the generalized 
Bernoulli action T r\ (X,fj,) = {Xq,^lq) t / h over an atomic base space with unequal weights. 
For any ergodic action Q x rx (Y,u) preserving the infinite non-atomic measure v. Define an 
action F rxX xY by the formula g(x,y) = (gx,ir(g)y), and denote the crossed product by 
M = L°°(y, v) x T. Then we have that 

Out(M) = Centr Autns(y) (Q x ) x rxY). 

It follows that 

mod(Aut(M)) = mod(Centr Autns(y) (Q x )). 

Proof. The group F clearly satisfies the conditions of theorem C with G = SL n Z x Z ra , so 
it suffices to check the conditions of theorem A. There are no non-trivial group morphisms 
9 : SL n+ iQ — > Q x nor 9 : SL n Q x Q n — > Q x , so there are no non-trivial group morphisms to 
Q x from ker^ = SL n+ iQ *st„Q k Q n (SL n Q x Q n ). We denoted ST„Q = T n QnSL n Q. 

Let oj : ker7r x X — > Q be a cocycle to a target group. Observe that SL n+ iQ is a weakly 
rigid group, so by [P4, theorem 0.1] we can assume that w|sL n+ iQ is a group morphism. In 
particular the restriction of oj to Q n does not depend on the X-variable. Proposition 3.6 in 
[P4] implies that w|sl„q> « q™ is a group morphism. Because SL n+ iQ and SL n Q x Q n generate 
ker 7r, we have that oj itself is a group morphism. 

It remains to prove the third condition. Let A be a self-conjugation of ker7r r\ (X,/j,) 
with isomorphism 5 : ker7r — > ker7r. Observe that the rotations A in SL n Q by 90°, around 
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any n — 2-dimensional linear subspace of Q n , can not be conjugated into T n Q >< Q™ inside 
GL n Q k Q n . Hence they move every point gH with g GL n Q k Q n , while the points gH 
with g G GL ra Q >< Q n form a copy of the affine space Q n . Therefore Hnkevn acts with infinite 
orbits on T/H - {H}, so [V2, proposition 6.10] implies that A is of the form A(x) a ^ = x; L 
where a :T/H — > T/H is a conjugation with isomorphism 5. 

The isomorphism 5 and the value a(H) completely determine a. If a(H) = hH, then 5(H n 
ker7r) = n ker 7r)/i _1 . Because T\ = SL n+ iQ and T 2 = SL n Q x Q n are weakly rigid 
groups, 5 maps T±, r 2 into conjugates of Tj or Tj with i, j S {1, 2} (for an elementary proof, 
see for example point 4 of the proof of theorem 3.1 in [DV]). By symmetry, 5 actually maps 
Ti onto a conjugate giTig^ 1 and r 2 onto (fel^t;^ 1 ■ ^ n particular, we find an automorphism 
5 2 = Ad^-i oi5|r 2 of r 2 that maps SL n Q onto a conjugate of itself. The same argument as in 
the proof of proposition 2.3 yields an A £ GL n Q ix Q n such that <5 2 = Ad^. We can assume 
that h = g 2 A Now the isomorphism 5 = Ad ,_i -1 o5 is identity on T 2 , while it maps r\ onto 

a conjugate giTig^ 1 . But the only elements of T that conjugate ST n Q ix Q n into Ti are the 
elements of T%, so we may assume that g\ = e. Now <5|ri is an isomorphism of SL n+ iQ that 
is identity on ST n Q k Q n . Such an isomorphism is easily seen to be the identity. We have 
proven that 

a (gH) = g 2 AgH for all gH £ ker ir/(H n ker vr) = T/H, 
so we also have that A = g 2 A € T. □ 

6. A NON-ABELIAN GENERALIZATION 

In this section we apply a kind of first quantization step to theorem D. We replace the 
measure space (1", v) by type IIqo factor B, or more generally by a properly infinite von 
Neumann algebra B with a semifinite trace Tr. Then we consider a trace preserving action 
f3 of a group A on B, such that A acts ergodically on the center of B. As above, we take a 
free, ergodic, p.m. p. action a : T r\(X, fj.) and a quotient ir : T — > A. We define a new action 
a of T on L°°(A, /x) <8> B by the formula a g (a ® 6) = a 9 (a) (8) ^^(b). Consider the crossed 
product von Neumann algebra M = (L°°(A) ^ B) »T. 

Every automorphism ipo of B that commutes with the action of A extends to an automorphism 
ip of M by ip((a <g> 6)%) = (a ® ipo(b))u g . In fact, the requirement that really commutes 
with the action of A is too strict. Let tpQ be an automorphism of B. We say that tpQ commutes 
with the action of A up to a cocycle if there are unitaries (v s ) s in B such that 

if} o /3 S = Ad Vg of3 s o tp for all s G A 
and v s t = v s j3 s {yt) for all s,t 6 A. 

If -00 commutes with the action of A up to the cocycle (v s ) s , then we can extend ipQ to an 
automorphism tp of M by the formula ^(( a ® = (a ® ipo(b)v w ^)u g . 

Denote by C Centra (A) the group of all pairs (i/jq, (v s ) s ) where V'o is an automorphism of B 
that commutes with the action of A up to the cocycle (v s ) s . The group law in CCentrs(A) is 
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defined by 

Oo, (Vs)s) ■ (<P0, (W s ) s ) = (V>0 ° <P0, (i>o(w s )v s ) s ). 

We call this group the cocycle centralizer of the action of A on B. Observe that the map 
6 : CCentrB(A) -> Out(M) defined by 

6(ip , {v s ))((a ® b)u g ) = (a <g> ipoQ^v^g^Ug 

is a group morphism. If there is a unitary w G B such that ipQ = Ad w and such that 
v s = w(3 s (w*) for all s G A, then 0(ipQ,(v s )) is trivial in Out(M). Such trivial elements 
(Ad w , (w (3 s (w*))s) will be called the inner elements of CCentrB(A), and the group of all 
inner elements of CCentr#(A) is denoted by InnC Centra (A). This is a normal subgroup of 
CCentrs(A) and we denote the quotient by OutCCentrs(A) = CCentrs(A)/InnCCentrs(A). 

Under strong conditions on the action T rx(X, /i), theorem 6.1 shows that the group morphism 
8 : OutCCentrs(A) — > Out(M) defined above is an isomorphism. 

Theorem 6.1. Let ir : T — > A be a quotient morphism and let a :T r^(X, /i) be a free, ergodic, 
p.m.p. action such that the restriction to ker7r is still ergodic. Let (3 : Ar^(B,Tr) be a trace 
preserving action on a semifinite von Neumann algebra such that the restricted action of A 
on 2(B) is ergodic. Define an action a : Tr\L°°(X)®B by o~ g (a ® b) = a g (a) ® /3 7r ( 9 )(6). 
Consider the crossed product von Neumann algebra M = (L°°(X) ®B) x T. 

Assume that 

• the conditions of theorem 2. 1 are satisfied. 

• the conditions of theorem 5. 1 are satisfied. 

• ken: is a perfect group, i.e. there are no non-trivial group morphisms ker-7r — > S . 

• B is properly infinite and the action of krx Z(B) does not preserve any finite measure 
equivalent to the spectral measure. 

Then the outer automorphism group of M is 

Out(M) = OutCCentr B (A). 

Every automorphism tpQ of B that commutes with the action of A up to a cocycle automatically 
scales the trace Tr by a constant mod^o)- For any projection p G M with finite trace, the 
fundamental group of the type II\ factor pMp is given by 

FipMp) = mod(CCentrB(A)). 

Proof. We show that the group morphism 6 : OutCCentr^(A) — > Out(M) defined above is in 
fact an isomorphism. We first show that 6 is one-to-one. Suppose that 6(ipQ, (v s ) s ) is inner in 
M. Then there is a unitary u £ M such that 

a = uau* for all a € L°°(X) 
tp (b) = ubu* for all b G B 
and v^^Ug = uu g u* for all g G T. 

The first equation implies that u commutes with L°°(X), and since T acts freely on X, it 
follows that u G A ® B. Because ker-7r acts ergodically on X, the third equation shows that 
in fact u G B. Now it is clear that V'o = Ad u and v s = uj3 s (u*) for all s G A. 
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To prove the surjectivity of 9, let ij) : M — > M be an automorphism of M. Write A = L°°(X). 
By theorem 5.1, we find a unitary u £ M such that uip(A ® B)u* = A<g) B. From now on, we 
assume that i(j(A ® B) = A® B. 

We can assume that i/j(A ® B) = A® B. 

Step 1: there is a unitary u 6 M such that uip(a)u* = a for all a £ A. 

Because ip{A®B) = A®B, we also have that ^)(A®Z{B)) = A®Z(B). Identify Z(B) with 
L°°(Y, v) for some measure space (1", v). The action of A on B defines a non-singular action 
of A on Y. The isomorphism ^ : L°°(I x 7) ^ L°°(I x Y) is of the form ip{f) = / o A" 1 
for some orbit equivalence A: XxY—>XxY ([S]). 

By theorem 2.1, we find an element <p in the full group of 1Z(T rxX x Y) and an element 
Ao 6 CentrA u t ns (y)(A) satisfying ip(A(x,y)) = (x,Ao(y)) almost everywhere. The unitary 
u = u<p £ h°°(X x Y) xi r C M corresponding to tp normalizes A®B and satisfies the relation 
uip(a)u* = a for all a £ A. 

From now on, we assume that ip(a) = a for all a £ A. The unitaries v g = ip(u g )u*, for g £ T, 
commute with A. Since T acts freely on X, it follows that v g £ A <g> B for all g £ T. 

Step 2: there is a unitary u £ A (g> B such that uif){u g )u*u* £ B for all g £T. 
We consider v g as a function v g : X — > U(B), and we define a cocycle ui : ker7r x X — > U(B) 
by the formula w(g,x) = v g (gx). We want to apply £/fi n -cocycle superrigidity to the cocycle 
u), but U{B) is not necessarily a U& n group. 

Let p £ B be a projection with full central support in B and such that pBp is a finite von 
Neumann algebra. We find partial isometries (w n ) n in B with w^w n = p and such that 
^2 n w n w* n = 1. Consider the projection q = ^{p) as a map q : X — > B. Consider the Tr- 

preserving faithful normal semifinite extended center-valued trace T : B + — > Z(B) + . For 
every g £ ker7r, we know that p commutes with u g , so q commutes with ip{u g ). It follows 
that 

q(gx) = (u*qu g )(x) = {u*il){u g ) q<ip(u g )*u g )(x) =v g (x)q(x)v g {x)* 
for all g £ ker7r. 

Hence the map x i— > T(q(x)) is invariant under the action of ker ir on X. So all the projections 
q(x) are equivalent in B. We find a partial isometry w £ A <8> B with ww* = q and such 
that qi = w*w £ B. Remember that p is a finite projection with full central support, as a 
projection in B, or equivalently as a projection in A ® B. It follows that the same is true for 
qi. Hence W6 find, partial isometrics {wri)n 

in B with w^w n = q± and such that ^ n w n w^ = 1. 

Consider the unitaries v g = w*tp(u g )wu* £ qi(A ® for all g £ ker 7r. When we consider 

the v g as functions v g : X — > U{q\Bq\), they define a cocycle to : kerir xI-> U(qiBq\), by 
the formula uj(g,x) = v g (gx). Because U{qiBqi) is a Wfl n group, cocycle superrigidity yields 
a unitary f G W(4 ® q\Bqi) such that vv g a g {v)* £ B for all g £ ker 7r. 
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Define a unitary u G A ® B by 

it = ^ w n vw*ilj(Wn) & A® B. 

n 

For all 5 € ker7r, we see that v g = mfj(u g )u*u* is contained in B. We show that this is in fact 
true for all g G T. Set g n = w n w^ and observe that g n commutes with v g for all g G ker7r. 
For any g G T, we know that t» 9 = wp{u g )u*u* is contained in .A ® -B, so we can consider v g 
as a function v g : X ^ IA{B). This function satisfies 

v g (hx) = VhVg(x)v*- lhg for all /i G ker7r. 

Since the Vh with /i G ker7r commute with the q n , we see that the same relation holds for 
q n Vg- This element q n Vg is contained in the polish space L 2 (B,Tr) where Tr is a faithful, 
normal, semifinite trace on B such that Tr(g n ) is finite. Weak mixing (see [PV4, lemma 5.4]) 
implies that q n v g G B. This is true for all n, so v g G B for every g G T. We can assume that 
v g = ip(u g )u* G -B for all g G T. 

S"iep 5: t> 9 on/y depends on n(g) and there is an isomorphism -ipo G CCentr#(A) such that, 
for all a G A, b G B and g G T, we have that Tp((a <S> b)u g ) = (a ® ipo(b))v g u g . 
For any b E B with Tr(6*6) < oo, we see that c = tp(b) commutes with A and so c £ i ® 5. 
We can consider c as a function c : X — > L 2 (l?,Tr). Observe that, since 6 commutes with all 
u g for g G ker7r, we have 

c{gx) = v g c{x)v* almost everywhere and for all g G ker-zr. 

Weak mixing (see [PV4, lemma 5.4]) shows that c is essentially constant, or still, that c G B. 
So ip maps B into B. By symmetry, it follows that ip{B) = B. Write tpQ = iP\b- Then we see 
that 

V>((a <8> b)u g ) = (a <g> ipo(b))v g u g for all a G A, 6 G B and g S T. 

We still have to show that v g only depends on vr(^). Since (v g ) g is a cocycle, it suffices to 
show that v g = 1 for all g G ker-n". Observe that v g is in the center of B whenever g G ker7r, 
and the application ker7r 3 g t— > v g G U(Z(B)) is a group morphism. Since ker7r is a perfect 
group, this morphism is trivial. We have shown that v g = 1 for every g G ker7r. □ 

7. A FLEXIBLE CLASS OF EXAMPLES 

We have given one explicit example of an action T r\(X, fi) and a quotient n : T — >■ A that 
satisfy the conditions of theorem 5.1, see proposition 5.2. In this example, the quotient group 
A was abelian. For the applications in section 8, we need more flexibility in the choice of A. 

We construct a new class of examples as follows. Let Ti be a countable group and S C Ti 
a subgroup. For any countable group A, we can consider T = Ti*s(S x A), together with 
the obvious quotient morphism tt : T — > A. Let H C T be a subgroup. We consider the 
generalized Bernoulli action Tr\(X,fj,) = (Xq, Ho) r ^ H , over an atomic base space (Xo,/iq) 
with unequal weights. Among the conditions we have to check, the least standard one says 
that Norm Autmp(XjAt) (kervr) = T. 
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If we have that Stabk er7r {i}j is infinite for all i / j £ T/H, then we know that the group 
of conjugations of kern r\X is given by NormA u t mp (x,^) (ker n) = Normp erm (r/#) (ker n) (see 
[V2, proposition 6.10]). 

Observe that ker tt is the infinite amalgamated free product of copies of T±, amalgamated over 
S. The copies of Ti correspond to the conjugates AFiA -1 C T, for A € A. 

If we would choose H to be a subgroup of T\, then any permutation n : A — > A defines an 
isomorphism 5 V : ker7r — > kern by the formula 5 ri (Xg\~ 1 ) = n(\)gr](\)~ 1 . for all g E T and 
A € A. The formula a v (g\H) = 5 v (g)n(\)H defines a conjugation a v E Normp crm (ry#) (ker tt). 
The permutation group of A is uncountable, so it is certainly strictly larger that T. 

We choose H in the following way. For every A E A, we choose a "sufficiently different" 
subgroup H\ C T\, and we define H to be the subgroup of V that is generated by the 
\H\X~ 1 . More precisely, we have the following theorem. 

Theorem 7.1. Let A be any countable group. Let T\ be a property (T) group. Assume that 
T\ is a perfect group and that there are no non-trivial group morphisms 9 : T\ — > A. 

Let E C Ti be an amenable subgroup such that there is a finite set g±, . . . ,g n E Ti for which 
Pl^jSg^ 1 is finite. Assume that the elements of E are the only elements g E Ti for which 
g^g^ 1 n S has finite index in S. 

For every A E A, choose an infinite subgroup H\ C Y\, subject to the following conditions. 

• If 6 : T\ — > T\ is an automorphism that maps a finite index subgroup of H\ into H^, 
then it follows that A = /x and 9 = Ad^ for some h E H\. 

• If 9 is an automorphism ofY\, then the intersection 9(H\)PiY, is trivial, for all A E A. 

Consider the group T = Ti *s(X x A) with its natural quotient tt : T — > A. Define H to be 
the subgroup ofT that is generated by the \H\X~ 1 . Consider the generalized Bernoulli action 
Tr\(X,fi) = (Xq, [i()) r / H over an atomic base space (Xq,/j,q) with unequal weights. Then the 
action Tr\(X,fi) satisfies the conditions of theorem 5.1. 

Proof. The action Tr\X was constructed so that it satisfies the conditions of theorem C. 
Because ker tt is generated by copies of the perfect group Ti, it is itself a perfect group. By the 
same argument, there are no non-trivial group morphisms 9 : ker-zr — > A. It remains to show 
that ker7r acts cocycle superrigidly on X and that Norm Autm ^(kervr) = T. To prove this 
second condition, it is sufficient to show two properties of the action ker tt r\T / H . We show 
that H acts with infinite orbits on T/H - {H}, and we show that Normp erm (r/^) (ker tt) = T. 

First we prove a general property of the subgroups H\ and S. 

Claim: Let S : T\ — > T% be a group automorphism and let g be an element ofT. Then we have 
the following. 

• If G C H\ is a finite index subgroup such that g9(G)g~ 1 is contained in H, then 8 is 
of the form 6 = Ad^ for some h E Ti with gh\~ l E H . 

• S n g~ 1 Hg has infinite index in X. 

• S n H x = {e} for all A E A. 
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Suppose that g C H\ is a finite index subgroup such that g9(G)g~ 1 is contained in H. 
Possibly replacing 9 by Ad 90 o9 for some go G Ti, we can assume that g is an element of 
minimal length in HgT\. So we can write g = \$gi ■ ■ ■ g n ^n with Ao G A, Ai, . . . , A n G A- {e}, 
with <7i, . . . ,g n G T± - E and such that g\ G Tl- H\ Y,. The assumptions of the theorem 
yield an element k G G with 9(k) E. It follows that the expression 

A 5i • • • gnKOi^X^g^ 1 . . . s^A^ 1 

is a reduced expression for g9(k)g~ 1 G H. Since g\ was not contained in H\ T,, this is only 
possible if n was 0. In that case, we have that 9(G) C -f^A - It follows that Ao = A and 
9 = Adh for some h G H\. Hence ghX^ 1 = \fi\~ 1 G H. In this process we replaced g by an 
element hoggo in HgT\ and # by Ad^-i. This does not affect the conclusion. 

Suppose that G was a finite index subgroup of E such that gGg~ l C H. We can assume 
that g has minimal length among the elements of HgA. So we can write g = X\gi ■ ■ ■ X n g n 
with Ai G A, A2, . . . , A n € A - {e}, with gi,...,g n ETi-'E and such that g\ Hx^. By the 
conditions on S, we find k 6 G such that g n kg~ l ^ S. So we see that the expression 

A151 • • • An^n^^A^ 1 . . . #f % 

is a reduced expression for an element of H. This is impossible: if n 7^ 1, then we know that 
Aigi can never be the first letters of an element of H. If n = 1, then it would follow that 
gikg^ 1 E ff^, which is impossible because e 7^ /c € E. This finishes the proof of the claim. 

Step 1: The action ker tt r\(X, /i) is cocycle superrigid. Let u : ker ttx X — > Q be a cocycle with 
a ^/fin target group. For every A G A, we know that the restriction wUriA- 1 is cohomologous 
to a group morphism, by Popa's cocycle superrigidity theorem [P4, theorem 0.1]. So there 
are maps ip\ : X —> Q and group morphisms 9\ : AFiA -1 — > Q such that 

u(g,x) = Lpx{gx)~ l 9 x {g)<p\{x) 

for all A G A and g G APiA -1 , and for almost all x G X. These descriptions must match for 
g G S, so we find that 

frw-^ihx) = 9 x (h)(c Px ^)(x)9^h)- 1 

for all h G E, A, G A and for almost all x G X. The second assertion in our claim shows 
that E acts weakly mixingly on A, so it follows that (p\Lp~ l is essentially constant (see for 
example [PV4, lemma 5.4]). Hence we can assume that all the (p\ are the same. Because the 
AriA -1 generate ker-7r, we see that ui is cohomologous to a group morphism. 

Step 2: The group H acts with infinite orbits onT/H- {H}. We have to show that gHg^^H 
has infinite index in H whenever g G T - H . This follows immediately from the claim above. 

Step 3: We show that Normp erm (ry#) (ker tt) = T. Let a : T/H — > T/H be a conjugation for 
the action of ker7r. Possibly replacing a by i 1— > ga(i) for some g G T, we can assume that 
a(H) = H. Denote by 5 : kern — > ker-7r the group automorphism such that a(gi) = 5(g)a(i) 
for all g G ker-zr and i G T/H. Remark that A(H) = H. 

Fix A G A. Because AFiA -1 has property (T), we find an element g G T such that <5(AFiA _1 ) C 
gTig^ 1 (see for example [DV, part 4 of the proof of theorem 3.1] for an elementary proof). By 
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symmetry we actually have that <5(AriA _1 ) = gT\g . Define an automorphism 9 : Fi — > T\ 
by 9{k) = g~ 1 5(\k\~ 1 )g. Then it follows that g9{H\)g~ 1 C H. Our claim above shows that 
9 is of the form 9 = Ad^ and that h\ = g/iA _1 G H. 

For every A G A, we have found an element h\ G H such that 5(Xk\^ 1 ) = h\\k\~ l h^ 1 for 
all k G Ti. For k G X, these different descriptions have to match, so h~ l h\ commutes with 
X for all A,/i £ A. The only element in H that commutes with X is e, so we have found one 
element h G H such that 5(k) = hkh~ l for all k G ker-7r. Replacing a(i) by h~ 1 a(i), we can 
assume that a commutes with the action of ker tt. We show that then a = id. Let kH be an 
element in T/H, then we know that kHk~ l fixes a(kH). But step 2 shows that kHk~ l fixes 
only the point kH itself. It follows that a{kH) = kH. This works for any k G T, so a = id. 
In the course of this argument, we changed a(i) to g~ l a{i) for some g G T, so we have shown 
that a{i) = gi for all i G T/H. □ 

Construction 7.2. Let R = F2[A] be the ring of polynomials over the field F2 of two elements 
and take a natural number k > 1. Consider the group T\ = SL^R x -R 3 - 

Le£ A 6e any countable group for which there are no non-trivial group morphisms 9 : Ti — >• A. 
VFe wiZZ define the groups X and #a wii/i A G A. Consider one symbol * A representing X. 
TaZce a one-to-one map (A U {*}) x {1, ...,&} 9 (A, i) 1 — ^ n\j G N and consider the matrices 



In 



where h\i = I 1 



.0 1 0, 



Define subgroups H\ C Ti 0?/ the relation H\ = {g G Ti | g(h\,0) = (h\,0)g}. Set X = H*. 

As in theorem 7.1, consider V = T\ *s(X x A), with its natural quotient morphism tt : T — > A. 
Let H be the subgroup generated by the \H\X~ 1 . Consider the generalized Bernoulli action 
Tr\(X,fi) = (Xq, fi) r / H over an atomic base space (Xq,^q) with unequal weights. 

Proposition 7.3. The action Tr\(X,fi) and quotient tt : T — > A as in construction 7.2, 
satisfy the conditions of theorem C. 



Proof. We check that T\, X and the H\ satisfy the conditions of theorem 7.1. 

The group Ti is a property (T) group, see for example [BdlHV, example 3.4.1]. This group 
Ti is a perfect group because Ti is generated by elements of the form x(l + aeij,0)x~ 1 with 
x G Ti, a G R and i 7^ j. The symbol «• denotes the matrix whose i,j-th component is 
1 while all other components are 0. The element x(l + aejj,0)x -1 is the commutator of 
x(l + aefcj)x _1 with x(l + e.- h k)x~ l where k ^ i,j. 

Consider the field E = F2(A) of rational functions over F2, and denote its algebraic closure 
by E. Fix A G A U {*} and 1 < i < k. Observe that the characteristic polynomial of is 
equal to Y 3 + X 2nx ' i+1 Y + 1. Denote its three roots in E by s^i, sa,i,2 and SA,i,3- Consider the 
extension fields E\ : ij = E(s\^j) and remark that lemma 7.4 shows that Ex^j n E\> y^i = E 
whenever / (X',i',f). 
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Consider the ring automorphism ip : R — > R that is defined by ip(X) = X + 1. Remark that 
the only outer automorphism of Ti is induced by this ring automorphism ip. We still denote 
the group automorphism by if), and we extend the ring automorphism tp : R — > R to E. This 
extension is unique up to multiplication by an element of the Galois group of E over E. Again 
it follows from lemma 7.4 that Ex^j n tp(Ey $/„-/) = E for any A, A' G A U {*}, 1 < < k 
and 1 < j, j' < 3. 

The eigenvector £x,i,j °f corresponding to the eigenvalue SA,i,j is contained in E 3 i ■ but 
not in E 3 . Denote by H\i C SL3.R the subgroup of all matrices that commute with hxi- 
Observe that this is exactly the group of all matrices whose eigenvectors are £A,i,i>£A,i,2 and 

Let g G H^i be a nontrivial element. The 5 has three distinct eigenvalues because if the 
eigenvalues corresponding to an d £\,i,2 were equal, then this eigenvalue must be contained 
in E = E\^i n i?A,i,2- And hence so must the third eigenvalue. Now all three eigenvalues 
are invertible elements of R. The only such element is 1, so g would be 1. Suppose that 
k G M3(i?) is a possibly non-invertible matrix such that gk G kH\' i> for some A' and i'. Then 
k^\' is an eigenvector of g and is contained in Ex> y j- Hence we see that either k^\' i' j = 
or it follows that A' = A, i' = i and £xt j 1S an eigenvector of k. Because this holds for all 
j = 1, 2, 3, we conclude that k commutes with hxi- Similarly, if we have that gk G kvp(Hx> i'), 
then it follows that k = 0. 

We conclude that for every automorphism 6 : T\ — >■ T\ and for every A ^ A' G A U {*}, the 
intersection Hx D 6(Hx>) is trivial. Moreover, if 6 maps a finite index subgroup of Hx into 
itself, then we have that 6 = Ad^ for some h G Hx- 

Observe that £ is abelian, and hence amenable. Fix elements G T\ - i?^^ and consider the 
diagonal matrix g = diag(<7i, . . . , g^). Then it is clear that gT,g~ l n S is trivial and therefore 
finite. We have checked all conditions of theorem 7.1. □ 

Lemma 7.4. Denote by E = F2(A) the field of rational functions over F2. Let a G F2[A] C 
E be either a = X 2k+1 or a = (X + l) 2fc+1 for some k G N. Consider the polynomial 
P a (y) = i^ 3 + + 1) denote the splitting field of P a over E by E a . Then we have that 

• E a is a degree 6 extension of E 

• E a R Eb = E whenever b ^ a is of the form X 2l+1 or (X + 1) 2 ' +1 for some I G N. 

Proof. Remark that P a (Y) is an irreducible polynomial for if n, d G F2[A] were coprime 
elements such that P a {n/d) = 0, then it follows that n = d = 1, and hence that a = 0. So the 
degree [E a : E] is at least 3. 

Denote the roots of P a (Y) in the algebraic closure of E by si,S2, S3 G E a . Consider the 
element t = sxs\ + S2s\ + s%s\ G E a . Observe that this element satisfies the second degree 
equation Q a (t) = t 2 + t + 1 + a 3 = 0. Suppose t were an element of E. Since 1 + a 3 is 
a polynomial, the same is true for t. Then we know that t 2 + t has even degree. This 
contradicts the fact that 1 + a 3 has odd degree. So we see that E $ E(t) $ where ^(t) is 
a degree 2 extension. Hence E a is a degree 6 extension of E. Denote this intermediate field 
by K a = E(t). 
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Let a^b be either b = X 2l+l or (X + l) 2m . The intersection of fields E a n E b is a normal 
subfield of E a . So it is either E a itself, K a or E 1 . We have to show that only the last case can 
occur. In both of the former cases, we see that K a = K b , because K a is the unique subfield 
of E a that has degree 2 over E. So we find elements x,y 6 E such that xt + y satisfies 
Qb(xt + y) = 0, while Q a (t) = 0. This implies that y 2 + y = a 3 + 6 3 . Since the right hand 
side is a polynomial over F2, the same is true for y. Hence y 2 + y is a polynomial of even 
degree. If k 7^ Z, then we see that a 3 + 6 3 is a polynomial of odd degree. So we can assume 
that a = X 2k+1 and b = (X + l) 2k+1 . But now X divides y 2 + y but it does not divide a 3 + b 3 . 
We have shown that E a C\ E^ = E. □ 



8. Applications 



8.1. Fundamental groups. In section 5, we have shown the following. Let A be a count- 
able abelian group. Suppose A acts ergodically and measure preservingly on an infinite 
measure space (Y, u). Then there is a type Hi factor Ma with fundamental group F{M\) = 
mod(CentrA u t ns (Y)(A)). Using proposition 7.3, we can generalize this result. 

With A = Fqo, proposition 7.3 yields and action T r\(X, fj,) and a quotient tt : T — > that 
satisfy the conditions of theorem C. Let act ergodically (but not necessarily freely) on an 
infinite measure space (Y, v). Then we find a type Hi factor M with fundamental group 

F{M) = mod(Centr Autns(y) (F 00 )). 

We give a slightly more appealing characterisation of the groups that appear in the right hand 
side. Let (Y, v) be an infinite measure space and consider a closed subgroup Q of measure 
preserving transformations on Y . Assume that Q acts ergodically on Y . Since Aut mp (Y, v) is 
a Polish group, so is Q and hence we can take a group morphism p : Foo — > Q that has dense 
range in Q. This defines an ergodic measure preserving action of F^ with 

Centr Autns(y) (F 00 ) = Centr Autns(y) (£). 
We have proven the following theorem. 

Theorem 8.1. Let (Y,u) be a standard infinite measure space. Let Q C Au.t mp (Y,v) be a 
closed subgroup of measure preserving transformations ofY. Assume Q acts ergodically on Y . 
Then there is a type II\ equivalence relation IZg and a type II\ factor Mg with fundamental 
group 

F(M g ) = F{Kg) = mod(Centr AuW(Y) (£)). 

Using the results of section 6, we can further generalize theorem 8.1 to theorem 8.2 below. 
However, we can not give an explicit characterisation in full generality. The problem is the 
third condition of theorem 3.1, which requires that ker7r contains a property (T) subgroup 
G such that there are no *-homomorphisms 9 : L(G) — > pBp for any projection p G B with 
finite trace. For many choices of B, any property (T) group G will suffice. For examples if B 
is the hyperfinite Hi factor, or if B = B(£ 2 (N)) <g> L(F QO ). For an arbitrary B, we use Ozawa's 
result from [02]. 
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Theorem 8.2 (see also theorem F). Let (B,Tr) be any separable properly infinite but semifi- 
nite von Neumann algebra, with a given semifinite trace Tr. Let A C Out fp (i?,Tr) be a 
countable group of trace preserving automorphisms of B. Suppose that A acts ergodically on 
the center of B . Then there is a type II\ factor M\ with fundamental group 

J-(Ma) = mod(Centr 0ut(B) (A)), 

where Centr 0u t(s) (A) is the group of all outer automorphisms of B that commute with A, as 
outer automorphisms. 

Conversely, for every separable Hi factor M, the fundamental group is of this form: 
F{M) = mod(Aut(fi(£ 2 (N)) ® M)) = mod(Centr Out(e(£2(N))0M) (A)). 

Proof. Let (B, Tr) and A be as in the statement. 

Step 1: we can assume that there is no finite A-invariant measure on the center of B. 
Suppose there was such a finite measure. We replace B by B\ = t°°(H)®B and Ao by 
Ai = Perrrioo x Ao where Perrrioo is the group of finite permutations of N. The group morphism 

6 : Centr 0ut(B) (A) 3 V> id®^ G Centr 0ut(Bl) (Ai) 

is an automorphism. 

Step 2: there is genuine action (3 : Foo rx B such that 

mod(CCentr s (F 00 )) = mod(Centr 0ut ( B )(A)). 

Take a quotient morphism p : Foo — > A C Out(i?). For every elementary generator a n of F M , 
choose a lift (3(a n ) £ Aut(-B) for p(a n ) € Out(2?). This choice extends to a group morphism 
/3 : Fqo Aut(.B), that is necessarily a lift of the morphism p : F^ — > Out(i?). It is clear that 
CCentr 0u t(s) (Foo) C Centr 0u t(_B)(A). Let ip be an automorphism of B that commutes with 
A up to inner automorphisms. For every elementary generator a n € Foo, choose a unitary 
v an £ B such that ip o f3 an = Ad Van o[3 an o ip. This choice extends uniquely to a cocycle 
(v s ) sg F CX) such that ip commutes with Fqo up to (v s ) s . This shows that at least 

mod(CCentr B (Foo)) = mod(Centr 0ut ( B )(A)). 

Step 3: construction of M\ By [02, Theorem 2], we find a property (T) group G such that 
there are no *-homomorphisms L(G) — > qBq for any projection q E B with finite trace. We 
can moreover assume that G is ICC and quasifinite, meaning that all the proper subgroups 
of G are finite, (see [02, Theorem 1] which is a variant of [01] and [G]) In particular, G is a 
non-abelian simple group and therefore a perfect group. 

Set A = G x Foo and construct a group T, a quotient tt : T — > A and an action a : T rx(X, p) 
as in construction 7.2. Consider the obvious quotient tt : V — > Fqo- Define a new action a of 
r on L°°(X) (8> B by the formula <r g (a <g> b) = a g (a) f3^( g \(b). Denote the crossed product by 
N = (L°°(X) ® B) xi r. Take any projection p 6 N with finite trace and set M\ = pNp. 

Step 3: the fundamental group of M\ is 

F(M A ) = mod(Centr 0ut(B) (A)). 
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It is sufficient to show that the action Tr\X and the quotient it : T — > F^ from step 2, 
satisfy the conditions of theorem 6.1. 

Proposition 7.3 shows that kerff acts weakly mixingly and cocycle superrigidly on X. By 
[P4, proposition 3.6] the same is true for ker7r. Since F M has the Haagerup property, 
there are no non-trivial group morphisms 9 : ker7r — > Foo. Proposition 7.3 shows that 
NorrriAut m (X)(ker tt) = T, but we have to show that NorrriA u t mp (x)(ker ir) = T. It suf- 
fices to show that every automorphism 5 of ker-zr maps ker-zr onto itself. Remember that 
ker7r = kerfr x G. Since G is an infinite simple group, we know that there are no non-trivial 
group morphisms from G to any finite group. Because T\ = SL/3(F2[X]) ix F2[A] 3 is residually 
finite, there are no non-trivial group morphism 9 : G — > T\. There can not be any non-trivial 
group morphisms 9 : G — >• ker-zr because G has property (T) and kerfr is an (infinite) amal- 
gamated free product of copies of T\. So our automorphism 5 : ker-zr — > ker-zr maps G into 
G. By symmetry, 5 maps G isomorphically onto G. Since G has trivial center, we see that 5 
maps ker fr = Centr^ n (G) onto itself. 

The conditions of theorem 3.1 are satisfied by construction. Since ker7r is generated by copies 
of the perfect groups T\ and G, we see that ker-zr is a perfect group. Theorem 6.1 implies 
that the outer automorphism group of Ma is given by 

Out(M A ) = OutCCentrB(Foo). 

By step 2, we see that 

T(M A ) = mod(Centr 0ut (B)(A)). 

□ 

8.2. Outer automorphism groups. Theorem A gives us a way to compute the outer au- 
tomorphism group of type IIqo equivalence relations TZ on an infinite measure space (Y, u). 
For any set U C Y with finite measure, we have the short exact sequence 

1 ► Out(K\u) ► Out(ft) HK\u) > 1- 

Once we know Out(7£) and the group morphism mod, we can compute the outer automor- 
phism group and the fundamental group of the type Hi equivalence relation A similar 
short exact sequence exists for the fundamental group and the outer automorphism group of 
type Hi factors. 

Up to now, we have only computed fundamental groups of type Hi equivalence relations and 
factors. Theorems A and C allow us to also compute outer automorphism groups of type Hi 
equivalence relations and factors. 

More concretely, let Ar\(Y, v), Tr\(X,[i) and tt : T — > A be as in theorem A, and construct 
the Hoc, relation TZ as in this same theorem. Theorem A shows that the outer automorphism 
group of TZ is Out(7£) = CentrA u t ns (y)(A)- But TZ is a type 11^ equivalence relation. Take 
any subset U C X x Y with finite measure. Then the outer automorphism group of the type 
Hi equivalence relation TZ\u is 

Out(TZ\u) = Centr Autmp( y^)(A), 
where Aut mp (Y, u) is the set of all ^-preserving automorphisms of Y . 
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The example from construction 7.2 satisfies the conditions of theorem A. This proves the 
following result. 

Theorem 8.3. For any closed subgroup Q C Aut mp (Y, v) of 'v '-preserving transformations that 
acts ergodically on a standard measure space (finite or infinite), there is a type II\ equivalence 
relation IZg with outer automorphism group 

Out(TZg) = Centr Autmp(1>) (£/). 

For any locally compact, second countable, unimodular group G, this yields a type Hi equiva- 
lence relation 1Z with outer automorphism group Out(7£) = G: let G be such a locally compact 
second countable group unimodular group. Consider the measure space (G, h) where h is the 
Haar measure on G. By definition, the left translation action of Q = G on (G, h) is measure 
preserving. The centralizer of this action is precisely the right action of G on (G, h). A similar 
result was obtained in [PV2, theorem 1.1]. 

Proof of theorem 8.3. Let Ao C Q be a countable dense subgroup, and take a quotient mor- 
phism p : F^ — > Ao- This gives us an ergodic measure preserving action r\(Y,u) with 
CentrAut mp (}»0Foo) = CentrA u t mp (}■»(£?)• Proposition 7.3 and theorem A show that there is 
a type Hi equivalence relation TZg with 

Out(ftg) = Centr Autmp(1>) (£). 

□ 

Using exactly the same argument as above, we find a type Hi factor Mg with outer automor- 
phism group 

Out(M g ) = Centr Autmp(1>) (S) x R^rxY), 

where the action of Foo is given by a group morphism 9 : F^ — > Q with dense range. This 
result has not the same appeal as theorem 8.3 because the group Hi(Foo r\Y) is huge. In two 
special cases we can work around this problem. Theorem 8.4 below gives a type Hi factor M 
with outer automorphism group Out(M) = SL^M = {g£ GL n R | det(g) = ±1}. 

Besides that, theorem 8.5 shows that for every closed subgroup Q of probability measure 
preserving transformations on ( Y, u) , we find a Hi factor Mg with outer automorphism group 
Out(Mg) = CentrAut mp (y,i;)({5)- F° r an Y compact group G, this yields an explicit construction 
of a type Hi factor with outer automorphism group equal to G. The existence of such Hi 
factors was already proven in [FV]. But the class of groups of the form Centr Au t m (y,u)(G) 
contains more than just the compact groups. For example, we can take Q = {id}. Theorem 8.5 
shows that there is a type Hi factor whose outer automorphism group is precisely Aut mp (Y, is), 
the group of probability measure preserving transformations on a standard probability space. 

Theorem 8.4. For every natural number / n G N there is a type II\ factor M whose outer 
automorphism group is 

Out(M) = SL±M. 
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Proof. Take m = 4n + 1, and consider the action of A = SL m Z on Y = M mn (R) by left 
multiplication. This action clearly preserves the Lebesgue measure v on Y, and its centralizer 
is 



Centr Autmpa>) (A) = SL 



±T 



By [PV4, theorem 1.3], we know that the action Ar\Y is U^ n cocycle superrigid. Since SL m Z 
is a perfect group, it follows that Hi (A r\Y) = {1}. 

Choose any k > m + 1 that is also a multiple of 3. Using construction 7.2, theorem A and 
theorem C, we construct a type Hi factor M with outer automorphism group 

Out(M) = SL±M. 

□ 

Theorem 8.5. Let (Y,v) be a probability space, and let Q C A\it mp (Y,u) be a closed sub- 
group of measure preserving transformations. Then there is a type II\ factor Mg with outer 
automorphism group Out(Mg) = Centr Au t m (y»(^)- 

Proof. This proof of theorem 8.5 uses a generalization of the co-induced action. The con- 
struction is explained in definition 8.7 below and some properties are given in lemma 8.8 
below. 

Let p : Fqo — > Q be any group morphism with dense range. Denote by a n the n-th elementary 
generator of Fqo. Consider the group 

(3) A = SL 3 Z ix (Z 3 x ((Z 3 xZ 3 )*Z 3 *Z 3 *...)), 

G A B A A 

where SL3Z acts in the obvious way on each of the copies of Z 3 . Because each copy of Z 3 
plays a slightly different role in the following, we give them different names, as indicated in 
(3). Consider the obvious action of SL 3 Z x (Z 3 x Z 3 x Z 3 ) = G x (A x B) on I = Z 3 x Z 3 x Z 3 . 
This action extends to an action of A on /, where the F n act trivially. 

We define a cocycle w: Ax/4 F^ by the following relations. 

u)(g, i) = e for all g <E G x [A x B) and all i 6 I 

(h,i2,is)) = <4 et(/ ' i2 ' is) for all / e F n and all (<i,i 2) »3) G / = Z 3 x Z 3 x Z 3 . 

In the last formula, we denoted det(/, ^2,^3) £ Z for the determinant of the matrix whose 
columns are /, i% and 

Consider the generalized co-induced action of Fqo rx(Y, v), associated with oj : A x I —> Foo, 
as explained in definition 8.7. Denote the resulting action by krx(Y\,vi). Lemma 8.8 shows 
that this action is ergodic and that 

Centr Autns(Yl) (A) = Centr Autns(Y) (g). 

Following construction 7.2, we construct a group T, an action Tr\(X,n) and a quotient 
7r : T — > A. Consider the crossed product M = L°°(X X Yi) X T. 
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Observe that ker7r is generated by copies of SL 3 (F 2 [Af]) x F 2 [X] 3 . The group SL 3 (F 2 [X]) x 
F 2 LY] 3 is generated by conjugations of the subgroup SL3(F 2 ), because (l+P(X)eij, Q{X)e{) = 
[(l+P(X)efe j, Q(X)ek), (1 + e^fc, 0)] whenever i,j, k are different elements in {1, 2, 3}. Lemma 
8.6 below shows that there are no non-trivial group morphisms 9 : SL3(F 2 ) — > SL3Z. Hence 
there are none from ker ir into SL3Z. Because ker it is a perfect group, there are no non-trivial 
group morphisms 9 : ker ir — > A. 

Proposition 7.3 and theorem 5.1 show that 

Out(M) = Centr Autmp (y 1 ,z, 1 )(A) x ^{ArxYj. 

We show that the cohomology group H\(Ar\Yi) is trivial. Let c : A x Y\ — > S 1 be a cocycle. 
By Popa's cocycle superrigidity theorem [P4, theorem 0.1], we can assume that c(g,y) does 
not depend on y whenever g € A. But A C A is a normal subgroup that acts weakly mixingly 
on Y\. Hence [P4, proposition 3.6] shows that c(g,y) is independent of y for any g £ A, or 
still c : A — > S 1 is a group morphism. This group morphism is trivial because A is a perfect 
group. 

We have shown that Hi(Arvli) is trivial and hence that 

Out(M) = Centr Autmp( y 1Jyi) . 

□ 

Lemma 8.6. There are no non-trivial group morphisms 9 : SL3(F 2 ) — > SL3Z. 



Proof. Suppose that 9 : SL3(F 2 ) — > SL3Z is a group morphism. We can consider this mor- 
phism as a non-trivial representation 6 : SL3(F 2 ) — > GL3C. The character of this representa- 
tion is defined as Xe(d) = tr(0(<?)) and hence xe takes values in 7L. According to the atlas of 

finite groups[CCN + ], the character table of SL3(F 2 ) is the following: 

1 i\ 

110 110 
100/ Vi 

1 1 

r 7 + r 7 + r 7 r 7 + r f + r 7 

r| + Ty + Ty rj + Ty + Ty 
-1 -1 



1 1 

where r? denotes a primitive 7-th root of unity. From this table, we see that all non-trivial 
characters of dimension 3 take at least one non-integer value. So 9 : SL3(F 2 ) — > SL3Z is 
trivial. □ 



1 0\ 
10 
.0 1/ 

1 


1 i\ 
010 
Vo 1/ 

1 


/o 1 o\ 
001 
Vi 0/ 
1 


/l 1 0' 

011 
Vo 1. 

1 


3 


-1 





1 


3 


-1 





1 


6 


2 








7 


-1 


1 


-1 


8 





-1 






Let Ao C A be an inclusion of groups, and suppose that Ao acts probability measure preserv- 
ingly on a space (Yq, vq). One possible construction for the co-induced action of A associated 
with Aor^(Yo>^o) is the following. Set / = A/Ao and consider the space (Y, v) = {Yq,uqY . 
The group A acts in a natural way on I. Choose representatives gi € A for the cosets of Ao- 
Then we define a cocycle oj : A x / — > Aq by the formula ggi = g g iio(g,i). The co-induced 
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action of A on (Y, v) is given by (gy)i = u(g,g x i)y g -^i- Up to conjugation, this action does 
not depend on the choice of representatives gi G A. 

We generalize this construction. 

Definition 8.7. Let Arx I be an action of a countable group on a countable set. Let uj : 
A x L — > Ao be a cocycle. Suppose that Ao acts probability measure preservingly on (Yq,vq). 
Define an action of A on (Y,u) = (YqjVq) 1 by the formula (gy)i = uj(g, g~ 1 i)yi- This action 
is called the generalized co-induced action of Ao rx(Y(y, vq), with respect to uj. 

Lemma 8.8. Let Arx I be an action of a countable group on a countable set, and let uj : 
A x L — > Ao be a cocycle. Suppose that Aq r\(YQ,i/o) is a probability measure preserving 
action. Consider the generalized co-induced action ArxiY,v) = (YqjVq) 1 . 

• If all orbits of Arx I are infinite, then the generalized co-induced action Arx(Y,v) is 
weakly mixing. 

• Suppose that Arx I and co satisfy the following three conditions. 

— A acts transitively on I . 

— There exists an i G / such that (or equivalently, for all i G I) uj maps the set 
Stabji} x {i} surjectively onto Aq 

— There exists an i G / such that (or equivalently, for all i G I) the subgroup 
Si = {g G A | gi = i and ui(g, i) = e} acts with infinite orbits on I\ {i}. 

Then we have that 

Centr Autmp(1>) (A) = Centr Autmp( y 0il/o) (A ). 

Proof. The first point can be proven exactly as the analogous result for generalized Bernoulli 
actions, see for example [PV1, proposition 2.3]. 

For every A € Centr Autmp( y ^ )(A ), we define A € Centr Autmp( y iJy) (A) by the formula 
A(y)j = Ao(y«). It remains to show that every automorphism A G Centr Autmp (y !/ )(A) is 
of this form. Let A : Y — > Y be a measure preserving automorphism that commutes with 
the action of A. Exactly the same argument as in the proof of [V2, proposition 6.10] yields 
p.m.p. automorphisms A* : Yq — > Yq and a bijection a : I — > I such that that Delta is given 
by 

(4) (A(y)) i = A i (y a _i (i) ). 

It follows that a(gi) = ga{i) for all g G A and i € I. For fixed i G /, we see that a(i) is fixed 
under the action of Si. But Si acts with infinite orbits on / \ {i}, so a(i) = i. This works for 
all i £ I so we see that a = id. 

From (4) we also see that A g i(uj(g, i)y) = u>(g, i)Aj(y) for almost all y G lo> an d for all g G A, 
i 6 J, Fix i G -T. Since w(Stab{i} x {i}) = Aq, we see that Aj commutes with Ao, or still, 
Aj G Centr Autmp (y 0jI/0 )(A). Moreover, we see that A g i = Aj for all g G A. Because A acts 
transitively on /, it follows that Aj = Aj for all j G /. Writing Ao = Aj, we have shown that 
A is given by A(y)j = A (j/j). □ 
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